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ELASTICITY AND ANELASTICITY OF 
URANIUM OXIDES AT ROOM TEMPERATURE 

by 

Roberto J. Forlano, Alfred W. Allen, 
and Robert J. Beals 

I. INTRODUCTION 

The theory of elasticity is based on the assumption that s t r e s s and 
strain are directly related. This is an oversimplification. The fact that 
these pa rame te r s are not in phase is taken into consideration in the study 
of anelasticity, which makes this type of investigation a desirable comple­
ment for elastic studies. Anelasticity not only permits the elucidation of 
basic problenas such as internal s tructure or atomic motion, but also can 
be used to determine the damping capacity of the mater ia l . 

Mechanical propert ies of a solid are closely related to mic ros t ruc ­
ture . It is difficult to draw plausible conclusions of elastic and anelastic 
behavior without a full knowledge of the micros t ruc ture . Elastic modulus 
is affected, for example, by porosity and the presence of a second phase. 
Grain boundaries, crystall ine inversions, dislocation density, porosity, 
and stoichiometry have been shown to affect the anelastic propert ies of a 
solid.^ 

Uraniunn oxide was chosen as the mater ia l for the present invest i­
gation because of its importance in the field of nuclear ce ramics , the 
scarci ty of elastic and anelastic data, and the complexity of the system. 
Uranium oxide is used as a fuel element because of such good charac te r ­
is t ics as high melting point, large uranium concentration, stability to i r ­
radiation, and ease of fabrication and reprocessing. Considerable r e sea rch 
has been performed on this solid; however, Belle, in his excellent summary 
of the proper t ies of UO2. listed only five references related to the elastic 
t ra i t s and none with respect to anelasticity. The complex uranium-oxygen 
system with solid solution and two phase regions is an ideal mater ia l for a 
r e sea rch project with ennphasis on the micros t ruc tura l viewpoint. 

This work was undertaken to provide information on the elastic and 
anelastic behavior of uranium oxide at room tempera ture , relating it to such 
mic ros t ruc tu ra l aspects as number, size, shape, and position of the pores ; 
grain size; and the number and types of phases present . 
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II. LITERATURE SURVEY 

A. Theoretical Considerations 

The elastic nnoduli can be determined by static or dynamic tech­
niques. Static tests are advisable for determining the effect of s t r e s s e s , 
but present the disadvantage that at elevated tempera ture , c reep will render 
the resul ts inaccurate. In the dynamic method, the elast ic modulus is usually 
determined at a very small s t r e s s level, and the resul ts are very sensitive 
to changes in the mater ia l . Another inherent advantage is that this method 
also permits the determination of anelastic effects. Dynannic tests can be 
divided into the resonant-frequency type and the wave-velocity type. In the 
first type, vibrations are excited in the sannple by mechanical or electronic 
means, and the resonant frequency is found by determining the maximun:! 
amplitude of vibration. Young's modulus can be computed from the flexural 
or longitudinal resonant frequencies, and the shear nnodulus from the tor ­
sional resonant frequency. Pickett expressed Young's modulus by the 
equation 

E = CWf^, (1) 

where E is Young's modulus, W is the weight of the specimen, fj. is the 
flexural resonant frequency, and C is a factor that depends on the shape and 
size of the specimen, the mode of vibration, and Poisson 's ra t io . The value 
of C can be obtained for cylinders and pr i sms from graphs presented by 
Pickett. Spinner e^ a],.^ developed empirical relations by which Young's 
modulus may be determined from the longitudinal and flexural resonant 
frequencies. They stated that Pickett 's equation gives too high a value for 
the correction factor of cylindrical specimens. The resul ts obtained apply 
mainly to those materials having Poisson's ratio of approximately 0.3. 
Spinner and Tefft' and Lakin' explained thoroughly how to excite and detect 
the different types of vibration and also gave the different equations and 
tables needed for the calculation of Young's and shear modulus. Hasse lman ' 
published tables that simplified the calculation of the elastic modulus for 
a wide range of Poisson's ratio and dimensions. Spinner and Valore ' de­
termined empirical curves to be used to find the shear modulus of bars of 
rectangular cross section from their resonant frequencies Tefft and 
Spinner developed relations to compute the shear modulus of bars having 
square cross sections. 

In the wave-velocity method, a wave in the sonic or ultrasonic ranee 
IS transmitted in the solid to be studied. Three groups of waves are formed' 
longitudinal, t ransverse , and Rayleigh or surface waves. The longitudin 1 
compressional waves permit the calculation of Young's modulus, and th ^ °^ 
t ransverse or shear waves are used to" determine the shear modulus •:̂ h-
technique is discussed in detail by Mason" and Kolsky.'"^ ''* 
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The son i c t e c h n i q u e , as m e n t i o n e d b e f o r e , i s s u i t a b l e for the d e t e r ­
m i n a t i o n of the a n e l a s t i c i t y of s o l i d s . The sub jec t i s t r e a t e d c o m p l e t e l y by 
Z e n e r . ^ 

If s t r e s s (S) w e r e so l e ly r e l a t e d to s t r a i n (e) , the r e l a t i o n s h i p b e ­
t w e e n t h e m would be 

M e = S, (2) 

w h e r e M is the e l a s t i c m o d u l u s . E x p e r i n n e n t a l o b s e r v a t i o n s have denaon-
s t r a t e d tha t t h i s a s s u m p t i o n is too s imp l i f i ed . The t e r m a n e l a s t i c i t y i s u s e d 
to e x p r e s s a m o r e exac t t i m e - d e p e n d e n t r e l a t i o n s h i p b e t w e e n s t r e s s and 
s t r a i n . T h e r e a r e d i f fe ren t m a n i f e s t a t i o n s of a n e l a s t i c i t y . F o r e x a m p l e , 
one i s the o c c u r r e n c e of e l a s t i c a f t e r - e f f e c t s c o n s i s t i n g of r e s i d u a l d e f o r m a ­
t ion tha t g r a d u a l l y d i s a p p e a r s when the s t r e s s i s r e m o v e d . A n o t h e r c a s e is 
i n t e r n a l f r i c t i o n o r d a m p i n g , r e p r e s e n t e d by the s y m b o l Q , which c o n s i s t s 
of the d i s s i p a t i o n of v i b r a t i o n a l e n e r g y . An equa t ion to r e p l a c e the r e l a t i o n 
e x p r e s s e d in E q u a t i o n (2) tha t f i ts the e x p e r i m e n t a l da ta i s 

aiS + a 2 § = b i e + b 2 - | ^ . (3) 

w h e r e a j , a2, b j , and b2 a r e c o n s t a n t s ; S is the s t r e s s ; d S / d t is the s t r e s s 
r a t e ; e i s the s t r a i n ; and d e / d t i s the s t r a i n r a t e . 

By a p p r o p r i a t e m a n i p u l a t i o n s of (3), 

M y = M R ^ , (4) 

w h e r e M y , equa l to A S / A e , i s the u n r e l a x e d m o d u l u s ; M R i s the r e l a x e d 
m o d u l u s ; Tg i s the t i m e of r e l a x a t i o n of s t r a i n u n d e r c o n s t a n t s t r e s s ; and 
Tg is the t i m e of r e l a x a t i o n of s t r e s s at c o n s t a n t s t r a i n . 

When s t r e s s and s t r a i n a r e s ine funct ions of t i m e , 

MTJ - M-o 

w h e r e M^^ i s the r a t i o of the s t r e s s to the p o r t i o n of the s t r a i n tha t i s in 
p h a s e wi th the s t r e s s ; OJ is the a n g u l a r f r e q u e n c y of the o s c i l l a t i o n ; and T is 
equa l to (TgTg)'/^. 

In the l i m i t , 

Myj = M y . when CDT » 1; 

M^ = M R , when t D ~ « 1. 



This e x p l a i n s the d i f f e r ence in the e l a s t i c m o d u l u s m e a s u r e d by d i f f e ren t 
m e t h o d s . When the e l a s t i c m o d u l u s is d e t e r m i n e d by a d y n a m i c t e c h n i q u e , 
the u n r e l a x e d m o d u l u s (Mjj) i s m e a s u r e d ; when the s t a t i c m e t h o d is u s e d , 
the r e l a x e d m o d u l u s (Mj^) is ob ta ined . 

The m o s t popu l a r m e t h o d s of d e t e r m i n i n g the i n t e r n a l f r i c t i o n a r e : 
(1) m e a s u r i n g the h a l f - w i d t h of the r e s o n a n t peak at f o r c e d v i b r a t i o n s , and 
(2) e s t i m a t i n g the decay of the v i b r a t i o n s in the f r ee s a m p l e . Z e n e r h a s 
shown that in the f i r s t c a s e the d a m p i n g is g iven by 

Af 

frV3' 
(6) 

w h e r e Af is the width of the r e s o n a n t peak at half the m a x i m u m a m p l i t u d e , 
and fj. is the r e s o n a n t f r equency . In the s e c o n d c a s e , the i n t e r n a l f r i c t i o n 
is e s t i m a t e d f r o m 

A.(Ao/An) 

TTf̂ At ' 

the ampl i tude of v i b r a t i o n af ter a t i m e At, fj. is the r e s o n a n t f r e q u e n c y , and 
At is the t i m e be tween a m p l i t u d e s AQ and An. 

These two m e t h o d s supp lemen t each o t h e r . When the i n t e r n a l f r i c t i on 
is v e r y low, the ha l f -wid th b e c o m e s v e r y s m a l l and is difficult to d e t e r m i n e ; 
h e n c e , it is adv i sab l e to use the decay me thod . When the d a m p i n g is l a r g e , 
the a t t enua t ion is e x t r e m e l y fas t , mak ing the d e t e r m i n a t i o n of At c u m b e r ­
s o m e ; t h e r e f o r e , in th i s c a s e , the ha l f -wid th m e t h o d is r e c o m m e n d e d . 

B. I n s t r u m e n t a t i o n 

Many d e v i c e s a r e u s e d for d e t e r m i n i n g the e l a s t i c m o d u l u s and i n ­
t e r n a l f r i c t ion of s o l i d s . Table I i nd i ca t e s m e t h o d s u s e d in the 1 - 1 0 0 , 0 0 0 - c p s 
f r equency r a n g e . M a s o n " and Kolsky'^ gave a good accoun t of the e q u i p m e n t 
u s e d in the u l t r a s o n i c reg ion . This f requency r a n g e h a s b e e n u s e d in the 
s tudy of g l a s s and q u a r t z . " " ^ " L i t t l e work has been done in c e r a m i c m a ­
t e r i a l s at u l t r a s o n i c f r e q u e n c i e s , ma in ly b e c a u s e of the p r o b l e m s e n c o u n t e r e d 
at e l eva t ed t e m p e r a t u r e in coupl ing t r a n s d u c e r s to s p e c i m e n s and in the 
i n t e r p r e t a t i o n of da ta . This t echn ique d e s e r v e s m o r e c o n s i d e r a t i o n , and 
a t t en t ion should be given to the p o s s i b i l i t y of us ing the m o m e n t a r y - c o n t a c t 
me thod d e s c r i b e d by C a r n e v a l e et a l .^ ' 



13 

TABLE I. Techniques for Determining Elastic Modulus and Internal Frict ion in 
1-100,000-cps Frequency Range 

Technique 

Pendulum 

Mechanical 

Piezoelectr ic 

Electrostat ic 

Electromechanical 

Advantages 

Good for very high values 
of internal friction, and 
high tempera ture . 

Simple. Very high driving 
force. 

Small damping background. 

Very small damping 
background. 

Good for high temperature . 
Large driving force. 

Disadvantages 

High damping background. 
Sannples difficult to 
fabricate. 

Lack of accuracy. High 
damping background. 

Temperature range is 
limited {^600°C). 
Small driving force. 

Temperature range is 
limited {-1000°C). 
Very small driving force. 
Electrode gap changes. 

Stray vibrations from 
coupling wires . Measure­
ments are affected by 
position of support. 

Key References 

14, 15 

16 

17, 18, 19 

ZO, 21, 22, 23 

24 

For studies of metals and glasses, the most popular naethod is that 
of the torsion pendulum. The apparatus consists basically of a pendulum 
bob and a supporting member; the specimen is usually 0.02 to 0.1 cm in 
diameter. The frequency range used is 0.5 to 5 cps. Kofstad £t al̂ . by 
employing electromechanical principles, extended the frequency range to 
about 50 to 500 cps. Chang' ' and Dew'* utilized apparatus based on the same 
concept for the study of relaxation processes in ceramics . The nnain prob-
lena with their method is the difficulty in fabricating ceramic specimens of 
proper size and shape. The high background damping makes this technique 
unsuitable for determining small values of internal friction, but lends itself 
well to the study of phenomena with high damping peaks as, for example, 
grain-boundary relaxation. 

Different types of excitation can be used in the resonant-frequency 
technique. Ault and Uel tz" used a mechanical form of excitation by striking 
the test bar with a long rod. Balamuth,'^ Read,'* and M a r x " used a piezo­
electric method of excitation. A properly cut quartz crystal is cemented 
to the specimen. The driving force is produced by the change in the dimen­
sions of the crystal when an electr ical signal is applied. The main drawback 
of this method, at elevated temperature , a r i ses from the cementing of the 
specimen to the crystal , each having different coefficients of thermal ex­
pansion. E rase r and LeCraw^' developed an ingenious technique for mea­
suring the internal friction, elastic constants, and Poisson's ratio. The 
specimen consisted of a small sphere placed on a shear mode transducer , 
which was driven with a pulse at one of the resonant frequencies of the 
sphere. The free decay of the amplitude of vibration of the sphere was 
detected by switching the transducer to a receiver . This method permitted 
values of Q"' as low as 3 x 10"' to be measured. The method was used up 
to 400°K. 
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In the electrostatic method, the vibrations are produced by a capacitor 
formed by one end of the specimen and a plate, fixed very close to the same 
end. Another similar capacitor at the other end determines the amplitude of 
vibration. This method was developed by Bancroft and Jacobs'^'' and adapted 
to measurements up to 500°C by Dickson and Strauch.^' Improvement in the 
apparatus allowed measurements up to 700°C; this limit was set by the weak­
ness of the signal due to the attenuation in the sample. Sneed et al_. 
studied metals up to about 1000°C and claimed that with changes the ins t ru­
ment could work at higher tempera tures . Inconveniences of this method 
are : (1) a conducting coating must be applied to nonconducting specimens, 
(2) the maximum temperature attainable is rather low, (3) the gap between 
the plates of the capacitor has to be adjusted because of the expansion of the 
sample, and (4) a large driving voltage is necessary because of the weakness 
of the signal. This method is recomnnended for nneasuring very small values 
of internal friction because the damping in the instrument itself is quite low. 

The electromechanical method of excitation and detection was pio­
neered by Fors ter . A simple device such as a recording cutting head or a 
speaker is generally used to excite the specimen. The amplitude of vibration 
is picked up with another transducer. If the test is performed at elevated 
temperature, the coupling usually is made through threads or wi res . Roberts 
and Nortcliffe claimed that cotton threads were the most suitable nneans of 
coupling at room temperature, because they did not introduce s tray vibra­
tions. At temperatures up to 1000°C, asbestos strings were used by the 
above-mentioned workers , ' " and fiberfrax yarns by Baskin ^ al.^' Wachtman 
and Maxwell*" used asbestos to about 1200°C, although they found that at 
about 600°C the material began to lose its flexibility and produced e r ra t i c 
vibrations. They recommended platinum wire, no larger than 10 mils in 
diameter for tests performed in air in the range of 600-1300^C. When the 
studies were made in vacuum, they used molybdenum wires (2 to 5 mils) 
up to 1700°C. Brown and Armstrong'" excited longitudinal vibrations with 
tungsten wires in vacuum at 2000°C. Threads of an inorganic mater ia l* 
were employed in tests performed up to 1600°C in vacuum.''^ The coupling, 
when the excitation source is a speaker, can also be performed through air.'*' 
Willmore et a l . " used nickel rods for exciting the specimen and detecting 
the signal. They mentioned that the pressure of the pickup should be ad­
justed according to the instructions of the manufacturer to obtain best r e ­
sults. This system, although working very well in the determination of 
Young's modulus, presents the problem of high damping m the instrument, 
reducmg the sensitivity for internal friction measurements . Wachtman 
et al. used fine phosphor-bronze springs to facilitate the detection of the 
torsional resonance frequency. 

The electromechanical method is suitable for studies at elevated 
temperatures. Theoretically, the limitation in the temperature would be 

"Pluton," manufactured by Minnesota Mining and Manufacturing Company. 
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imposed solely by the furnace, because the t ransducers can be placed at any 
distance from the heating zone. However, the coupling usually presents 
problems. Refractory metal wires have their own resonant frequency, which 
can be mistaken for those corresponding to the sample. Another factor to be 
considered is that the position of the supports affects the internal-fr ict ion 
resul t s . 

Many workers have refined the technique for detecting the amplitude 
of vibration and determining the damping. The low-frequency vibrations 
from the floor or bench have been minimized by connecting a small capacitor 
in ser ies with the output leads of the pickup. ' ' For measuring the internal 
friction by the decay method, Fo r s t e r and Breitfeld'*' used an electronic 
device for counting the number of cycles between two deternained amplitudes 
of vibration. Marlowe and Wilder''^ accomplished the same thing by photo­
graphing the oscilloscope t race of the damped-sine-wave signal. Wachtman 
and Tefft used a storage oscilloscope to record the decay. An electronic 
circuit for very accurate measurements of the internal friction is described 
by Pattison.* Thompson and Holmes'" and Brown et ai.^ employed an osci l ­
lator sweep and an X-Y recorder to t race the resonance curve, and the 
half-width of the peak was measured from the graph. The same system 
was used for hot-cel l application.^' Sosin et al.^^ described a technique in 
which the changes in internal friction were determined by measuring the 
driving force necessary to maintain the amplitude of vibration constant at 
the resonant frequency. Harlow et ai. explained a frequency-modulation 
method using standard electronic equipment for measuring internal friction. 
Brown and Armstrong '" eliminated low-frequency, mechanical vibrations by 
increasing the res is t ive load in the pickup and using a band-pass filter fol­
lowing the preamplif ier . Detwiler and Holden used a travelling microscope 
for measur ing the difference of amplitude between a determined number of 
cycles. Smith and Berns^^ described another method in which the damping 
was determined as a function of the frequency and phase changes. 

Elast ic modulus and internal friction can be determined dynamically 
with a large var iety of apparatus, ranging from standard electronic equip­
ment in which the measurements are performed manually, to elaborate 
electronic c ircui ts for recording the resul ts automatically. The choice 
depends on the maximum tempera ture of the t e s t s , the magnitude of the 
internal-fr ict ion values expected, the mode of elastic response to be mea­
sured, and the specific elastic moduli to be studied. 

C. Elast ic Modulus and Internal Fr ic t ion of UO2 

The resul ts found in the l i te ra ture on the elastic proper t ies of UO2 
have been grouped in Table II. Lambertson and Handwerk, while studying 
the fabrication and physical proper t ies of urania bodies, obtained a Young's 
modulus of 1450 ki lobars .* This was calculated by measuring the deflection 

*1 kilobar = lO' dynes/cm^ = 1.4504 x 10* Ib/in^ = 2.0886 x 10*' 
1.01971 x 10' g/cm^ = 10.1971 x lo'' kg /m^ 
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TABLE I I . Elastic Modulus 0 IUO2 

Reference 

Lambertson and 
Han(twerk'56t 

Bowers e t i l . ' 57 ' 

Johnson'^' 

Belle and 
Lustman" ' ' 

Scott e ta i . ' * ° * 

Wachtman etal . '^^' 

L^nglWt 

Wachtman i t j l , ' " ) * ' ^ 

Starting 

Powder 

MCW'3' 

MCW*^' 

MCW'31 

-

From 
Ammonia 

Precipitated 

Diuranate 

(b) 

(CI 

MCW<3' 

Ammonia Precipitated 

(f) 

Binder 

Yes 

Yes 

no 

no 

Density, 

gm/cc 

10.6 

9.52 

10.12 

-
10.20 

10.5 

10.3 

10.38 

10.37 

10.19 

Volume 

Fraction 

Porosity 

0.0329 

0.1314 

0.0767 

-
0.0694 

0.0420 

0.0613 

0.0530 

0.0539 

0.0703 

Average 

Grain 

Size 

Micron 

25 

25 

2 to 10 

2 to 10 

• 

0/U 

-

2.16 

2.00 

2.02 

2.00 

Technique 

Static 

Dynamic 

Dynamic 

Dynamic 

Dynamic 

Dynamic 

Dynamic 

Dynamic 

Dynamic 

Ultrasonic 

lest 

Temperature. 
oc 

25 

25 

25 

25 

25 

100 

200 

300 

40O 

500 

600 

700 

800 

25 

25 

25 

200 

400 

600 

800 

l O X 

1100 

25 

25 

25 

Young's 

Modulus, 

kilobars 

1450 

1524 

1468 

1725 

1820 

1795 

1762 

1737 

1715 

1700 

1685 

1665 

1635 

1240 

1860 

1935 

1888 

1848 

1809 

1767 

1724 

1696 

1829™ 

isa"" 

2305I9I 

Shear 

Modulus, 

kllotiars 

-

-

-

-

' 

-

741 

706 

875I9I 

Poisson's 

Ratio 

-

-

-

" 

-

0.302"' 

0.29l«' 

0.3i7le.l« 

'^'Mallinckrodt Chemical Works. 

">'Prepared from nonstoichlometric powder. 

'^'Obtained from the nonstoichlometric specimen by reduction in hydrogen at 120OOC for 2 hours. 

't'*Calculated from the longitudinal resonant frequency. 

(e). Calculated from the expression: ^ • - ^ - 1. 

The sample was a single crystal. 

'9'Caiculated from the mean of the Voight and Reuss average. 
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of a rod with a density of 10.6 g/cm and a modulus of rupture of 1750 kg/cm . 
Bowers et al. determined Young's nnodulus by a sonic method on specimens 
approximately 1.27 cm in diameter and 12.70 cm long. The specimens were 
prepared by pressing isostatically at 7000 kg/cm and sintering at 1750°C for 
2 hr in hydrogen. They reported a larger value for the specimen having the 
lower density. This is unusual because the elastic modulus normally in­
c reases with density. No explanation was given for this behavior. These 
authors determined the elastic modulus of uranium oxide with additives. 
Silica, zirconia, and ceria reduced the elastic modulus, while beryllia in­
creased it slightly. Minor additions of titania or ceria improved the s in ter­
ing charac te r i s t ics of UOj-BeO bodies, but no information was given about 
the elastic proper t ies of the specimens. Johnson^ reported data on the 
elastic modulus of UO2, but the charac ter is t ics of the specimens or of the 
method employed in the measurements are not mentioned. Belle and 
Lustman, in describing the propert ies of uraniunn oxide, reported values 
of Young's modulus over the range of 25 to 825°C. The modulus of e last i ­
city decreased with tempera ture (10%) in a nonlinear form. An inflection 
point was noted at about 300°C, suggesting the probability of a relaxation 
phenomenon at this tempera ture . Scott and co-workers observed that 
Young's modulus decreased markedly as the oxygen-to-uranium atomic 
ratio of the specimen increased. The test bar was prepared by isostatically 
pressing nonstoichlometric powder and sintering at 1450°C in nitrogen. 
The stoichiometric specimen was obtained by reducing the sample men­
tioned above in hydrogen at 1200°C for 2 hr . Scott et̂  al. claimed that this 
procedure did not affect the porosity or the grain size; however, they did 
not report the phases present in the nonstoichlometric rod, and no informa­
tion is given about the micros t ruc tura l homogeneity before or after the r e ­
ducing t reatment . Wachtman et a l . , " while studying the elastic propert ies 
and internal friction of several refractory oxide mater ia l s , measured 
Young's modulus of UO2 as a function of tenaperature. The elastic modulus 
decreased by 11% from room tempera ture to 1000°C. The change was non­
linear, and an inflection point was observed at 300°C. An internal friction 
value of 4.3 x 10"^ wcis reported at room tempera ture . There is no indica­
tion whether this measurement was perfornned in air or in vacuum. Lang, 
during the course of a study covering the propert ies of ceramics and cer ­
mets , determined the elastic propert ies of uranium oxide. The difference 
between the data obtained in two different groups of samples (see Table II), 
may be attributed to such factors as starting mater ia l , density, mic ro -
s t ructure , or stoichionnetry. No attempt was made to analyze these pos­
sibil i t ies. The most recent inforraation on the elastic proper t ies of UO2 
has been reported by Wachtman et al.^^ The elastic constants of a single 
crysta l of UO2 at 25°C were: Cu = 3950 ki lobars , C12 = 1210 ki lobars , 
and C44 = 641 ki lobars . The determination was performed by velocity 
measurennent at 10 Mc/sec with the use of X-cut and AC-cut quartz crysta ls 
6.5 mm in diameter to generate the longitudinal and t r ansver se waves, r e ­
spectively. A maximum value of 3380 kilobars was obtained for Young's 
modulus in the <100^ direction, and a minimum of 1750 kilobars for the 
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<111> direction. They ^ stated that Young's modulus and shear modulus 
values of polycrystalline UO2 with zero porosity should lie between the 
Reuss average (2170 and 814 kilobars) and the Voigt average (2440 and 
933 kilobars). 

D. Elastic Modulus and Internal Friction of Ceramic Materials 

Willmore et a l . " stated that the elastic modulus of fireclay r e ­
fractories is a better indication of changes in firing t rea tment than modulus 
of rupture, porosity, or firing shrinkage. Coble and Kingery found that 
the effect of porosity on the elastic modulus of AI2O3 at room tempera ture 

65 agreed with the theoretical relationship derived by Mackenzie. Fens t e r -
macher and Hummel'' ' related the strength and elastic modulus of nnullite 
bodies at room temperature by the expression 

S = (6.987 X 10-'')E + 6588. (8) 

Spriggs and Spriggs and Brisset te suggested an exponential expression to 
relate elastic modulus to porosity and stated that Poisson 's ratio for poly­
crystalline alumina bodies was expressed by 

where 

and 

M = 0.257 - 0.35P, (9) 

Poisson's ratio. 

P = Volume-fraction porosity = ^"^"^ volume 
Total specimen volume' 

The exponential expression mentioned above was improved by taking 
into consideration the individual effects of open and closed pores . ' ' ' The r e ­
lationship proposed was 

E = Eoe-^^P^-'^^PS (10) 

where E is the elastic modulus of porous polycrystalline specimen, Eo is the 
elastic modulus of nonporous polycrystalline specimen, P is the volume 
fraction of open pores, P^ is the volume fraction of closed pores , and bo and 
bj. are empirical constants. 

e 
Knudsen, using results published by different investigators on th 

study of Young's modulus of polycrystalline alumina, ar r ived at the 
expression 

E = 4102e -3"P . (11) 
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Hasselman observed that the equation proposed by Spr iggs ' ' ' ' " failed to 
satisfy the boundary condition. To obviate this shortcoming, he proposed 
an expression obtained by solving the relation given by Hashin'^ for the 
case in which the second phase was porosity. Recently, Hasselnnan's 
Equation was extended'^ to differentiate between the different types of 
porosity, namely, at the grain boundaries, contained within grains, and 
even the shape of the pores . The expression becomes 

E = E„ 
AiPi z-

'-' 1 + ( A i - l ) X P i 

(12) 

where E is the elastic modulus of porous polycrystalline specimen, EQ is 
the elastic modulus of nonporous polycrystalline specimen, P is the volume-
fraction porosity, A is a constant, i represents the type of porosity, and 
n is the number of types of porosity. 

Theoretical equations ' were conapared with the experimental 
values of Young's nnodulus of elasticity of ZrC containing a disperse phase 
of graphite. '^ For this system, Hashin's expression'^ provided the best fit. 
Hasselman suggested that when porosity is the only variable. Young's 
modulus may be related to strength in a linear manner. He introduced the 
concept of s t r e s s - f r ee nnaterial, which can be considered as being located 
above and below the pores in the direction of the applied s t r e s s . This in­
vestigator suggested that the effect of porosity on strength and Young's 
modulus can be expressed by 

So ( l -AsP) , (13) 

and 

E o ( l - A m P ) . (14) 

where Ag and Am are constants, P is the volume-fraction porosity, and 
the t e rms (1 - AgP) and (1 - AmP) can be interpreted as the fraction of nna­
ter ia l able to ca r ry the applied load. The decrease in the elastic constants 
with increased porosity of Th02 was reported to be greater than the values 
obtained from theoret ical equations. ' ' ' ' This was attributed to the 
fact that the pores were not spherical and to the effects of other variables 
such as grain size, grain orientation, and grain boundary condition. Atlas 
reported that for AI2O3, a plot of the log of Young's nnodulus against porosity 
gave a straight line with a slope of approxinnately 3.3. Marlowe and Wilder,''^ 
studying yt t r ium oxide, obtained a linear relationship between elastic modu­
lus and porosity. Hanna observed that Young's modulus for polycrystalline 
magnesia alumina spinel increased as the porosity decreased. 
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The anelastic propert ies of metals have been studied extensively, 
and a good review has been written by Zener. ^ For oxide ceramic nnate-

82 83 

r ials , the amount of work is considerably less . Hanna and Crandall ' 
observed that the internal friction of MgO increased as the grain size be-
canne smaller . This behavior was corroborated for yt tr ium oxide.'* The 
results published by Southgate*^ on the internal friction of single crys ta ls 
of MgO. indicating a lower damping than for polycrystalline MgO, confirm 
the results nnentioned above. Recently, the dependence of internal friction 
upon temperature , frequency, porosity, and textural damage on several 
ceramic mater ia ls , including electrical porcelain, fireclay, refractory 
bricks, and whiteware, was studied. 

Considerable work has been perforined on the elasticity and anelas­
ticity of ceramic materials at high tennperature. However, since the present 
investigation is concerned with measurements at room tempera ture , only 
a general description of these works will be made. Marlowe and Wilder 
have published a comprehensive review on this subject. The elastic modulus 
normally decreases as the temperature increases . In polycrystalline alu­
mina, a sharp deviation in the linearity of elastic modulus- temperature 
curves at about 1100°C was observed. The same test, performed on single 
crystals , did not show this behavior. The results of the anelastic studies*' 
indicate that this departure from linearity was due to grain-boundary r e ­
laxation. The elastic modulus of Ge02 increased with temperature from 
about -120 to 400°C, and for SiOj from about -190 to 1175°C.'* R o b e r t s ' ' 
suggested that the increase with elastic modulus observed in some refractory 
materials can be attributed to the occupancy of voids by the phase with the 
highest coefficient of expansion. Minor additions of Cr203 and La203 pro­
duced additional peaks in the internal-friction spectrum of AI2O3.'' 
Wachtman determined the motion mechanism of oxygen vacancies around 
an impurity atom by measuring the mechanical and electr ical relaxation 
in 98.5 m/o Th02 plus 1.5 m/o CaO specimens."* Anelastic studies eluci­
dated that the pairing of interstitial titanium ions was the type of defect in 
vacuum-reduced ru t i l e . " 
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III. SCOPE OF INVESTIGATION 

The variables studied in the present investigation were oxygen-to-
uranium (O/U) ratio, grain size, and density. The investigation of the ef­
fect of an excess of oxygen on the elastic and anelastic t ra i ts of uranium 
oxides was deemed interest ing in the light of the resul ts published by several 
workers . The O/U ratio has been reported to have a large influence on the 
plasticity of uranium oxides. Scott et aA^. indicated that a change in the 
O/U ratio from 2.00 to 2.16 caused a decrease of 34% in the elastic modulus. 
Kingery, Nichols, '* and Ross'^ concurred in that the thermal conductivity 
of nonstoichlometric samples was much lower than that for the stoichiomet­
ric connpositions. Schaner ' stated that a small amount of excess oxygen 
resulted in a large increase in the hardness of nonstoichlometric uranium 
oxides. 

Grain size was selected as another variable because several workers 
reported that there was a relationship between this parameter and internal 
friction.*^'*^'" 

In general, to have a high uraniunn atom concentration, uranium 
oxide bodies should be as dense as possible. However, under production 
conditions small fluctuations in density cannot be precluded. This made the 
investigation of the change of the elastic and anelastic t ra i ts within a small 
density range in the upper density region a worthwhile and significant sub­
ject of study. 



IV. E Q U I P M E N T 

The F o r s t e r m e t h o d was e m p l o y e d t h roughou t t h i s i n v e s t i g a t i o n for 
d e t e r m i n i n g the e l a s t i c and a n e l a s t i c p r o p e r t i e s . A s c h e m a t i c d i a g r a m of 

the a p p a r a t u s and a v iew of the 
e q u i p m e n t a r e p r e s e n t e d in F i g s . 1 
and 2, r e s p e c t i v e l y . The c h a r a c t e r ­
i s t i c s of the c o m p o n e n t s a r e l i s t e d 
in Appendix A. The m a i n f a c t o r s in 
the s e l e c t i o n of the o s c i l l a t o r , p o w e r 
a m p l i f i e r , d r i v e r , and p i ckup w e r e 
t he i r good f r e q u e n c y r e s p o n s e and 
low n o i s e . The f e a t u r e s d e s i r e d in 
the v a c u u m - t u b e v o l t m e t e r w e r e 
i t s a c c u r a c y and low n o i s e . The 
s t o r a g e o s c i l l o s c o p e had the a d v a n ­
tage ove r a conven t iona l o s c i l l o ­
scope and c a m e r a of s i m p l i c i t y in 
r e c o r d i n g the decay and the sav ing 
in the cos t of f i lm. 

VACUUM 
TUBE 

VOLTMETER 

PICK UP 
(PHONOGRAPH 

CARTRIDGE) 

• •) 

FREQUENCY 
COUNTER 

TRIGGER 
SWEEP 

' 

OSCILLATOR 

POWER 
AMPLIFIER 

DRIVER 
(RECORD 

CUTTING HEAD) 

Fig. 1. Block Diagram of Apparatus for Elastic-modulus 
and Internal-friction Measurements 

T h e t r a n s d u c e r s w e r e 

m o u n t e d i n t h e f r a m e s h o w n i n 

F i g . 3 , w h i c h w a s m a d e of s t e e l 

Froquoncy Counter 
Vacuum-tube Voltmeter 
Input Vacuum-tube 
Voltmeter 

Output Vacuum-tube 
Voltmeter 
Oscillator 
Trigger Sweep 
Power Amplifier 
Driver 
Pickup 

Storage Oscilloscope 
Amplifier (Plug-in unit) 
Time Bose (Plug-in unit) 

Fig. 2 

Equipment for Elastic 
and Anelastic Studies 
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A. Driver 
B. Pickup 
C. Brass Plate 

D. Sample 
E. Cotton Thread 

Fig. 3, Transducers and Mounting Frame 

r o d s s c r e w e d into a b r a s s b a s e p l a t e 
3.5 c m th ick . T h i s s y s t e m p r o v e d 
to be the m o s t a d e q u a t e for r e d u c i n g 
v i b r a t i o n s t r a n s m i t t e d f r o m the f loor . 
An A s t a t i c cu t t ing n e e d l e C L - 9 2 - 3 
w a s u s e d in conjunct ion with the 
d r i v e r , and an A s t a t i c n e e d l e N 4 - 3 S 
wi th the p i ckup . Cot ton t h r e a d s 
p r o v e d to be the b e s t m e a n s of c o u ­
pl ing the t r a n s d u c e r s to the s p e c i m e n . 
T h i s type of c o n t a c t gave b e t t e r r e ­
su l t s than touching the s p e c i m e n 
d i r e c t l y with the n e e d l e s , which 
t e n d e d to p r o d u c e e r r a t i c i n t e r n a l -
f r i c t ion r e a d i n g s , depend ing on the 
p r e s s u r e app l i ed b e t w e e n the 
t r a n s d u c e r s and the s a m p l e . 

The s p e c i m e n s w e r e s i n t e r e d 
in a h y d r o g e n f u r n a c e . The s a m p l e s 
w e r e f in i shed to the d e s i r e d s i z e 
wi th the h e l p of a j ig s p e c i a l l y d e ­
s igned for t h i s p u r p o s e . The dev ice 
and the t echn ique a r e exp la ined in 
Appendix B . 
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V. E X P E R I M E N T A L P R O C E D U R E 

A. D e t e r m i n a t i o n of E l a s t i c Modulus and I n t e r n a l F r i c t i o n 

The f i r s t s tep in the p r o c e d u r e was the d e t e r m i n a t i o n of the 
a p p r o x i m a t e r e s o n a n t f r equency of the fundamen ta l m o d e of f l e x u r a l v i b r a ­
t ion. The u r a n i u m oxide s p e c i m e n w a s la id on a sponge , and the d r i v e r and 
pickup w e r e pos i t ioned so that the n e e d l e s touched the b a r n e a r the e n d s . 
The f requency of the incoming s igna l was v a r i e d unti l a m a x i m u m def lec t ion 
in the v a c u u m - t u b e v o l t m e t e r ind ica ted that one r e s o n a n t f r e q u e n c y of the 
s p e c i m e n had been de tec ted . The type of v i b r a t i o n and the o v e r t o n e w e r e 
d e t e r m i n e d next . The o s c i l l o s c o p e was used to m e a s u r e th i s effect . Two 
iden t ica l a m p l i f i e r s w e r e plugged into the h o r i z o n t a l - and v e r t i c a l - p l a t e 
inputs of the scope . The s igna l s f rom the p ickup and the o s c i l l a t o r w e r e 
fed into the v e r t i c a l and h o r i z o n t a l p l a t e s , r e s p e c t i v e l y , p r o d u c i n g a 
L i s sa jou p a t t e r n . Th i s f igure shifted as the p ickup was m o v e d by hand f r o m 
one end of the b a r to the o the r , each change ind ica t ing a node of v i b r a t i o n . 
In the fundamenta l mode of f l exura l v ib ra t i on t h e r e a r e two n o d e s ; t h e r e ­
fore the L i s sa jou p a t t e r n shifted twice when the s p e c i m e n was v i b r a t i n g in 
the a p p r o p r i a t e f r equency . Once the r e s o n a n t f r e q u e n c y for the fundamen ta l 
mode of f lexura l v ib ra t ion was obta ined for one b a r it was not n e c e s s a r y to 
r epea t the p r o c e d u r e for the r e s t of the s p e c i m e n s . Since the d i m e n s i o n s 
of al l the s a m p l e s w e r e n e a r l y the s a m e , the r e s o n a n t f r e q u e n c y w a s of the 
s a m e o r d e r of magni tude throughout . The e l a s t i c m o d u l u s and i n t e r n a l 
f r ic t ion w e r e d e t e r m i n e d a c c u r a t e l y by hanging the s p e c i m e n s f r o m the 
need le s of the d r i v e r and pickup by using cotton t h r e a d s a s coup lmg . The 
f requency of the o s c i l l a t o r was se t in the r ange of the e x p e c t e d value and 
v a r i e d slowly back and for th . The r e s o n a n t f r equency was the one tha t 
p roduced a m a x i m u m deflect ion on the v a c u u m - t u b e v o l t m e t e r The e l a s t i c 
modulus was ca l cu la t ed f rom this va lue , t oge the r with the d i m e n s i o n s and 
m a s s of the spec imen . The r e c t a n g u l a r c r o s s sec t ion of the s a m p l e s p e r ­
mi t t ed two ca lcu la t ions of the e l a s t i c modulus ( f la twise and e d g e w i s e ) 
depending on which side was p e r p e n d i c u l a r to the d i r e c t i o n of v i b r a t i o n 
F a i l u r e to obtain a c lose a g r e e m e n t in both va lue s was an ind ica t ion of 
e r r o r m the ca lcu la t ions or a lack of i so t ropy a n d / o r h o m o g e n e i t y in the 
b a r . An example of the ca lcu la t ions is given in Appendix C 

The in te rna l f r ic t ion was de tec t ed by the l o g a r i t h m i c decay of 
v ib ra t ions when Q " ' was s m a l l e r than 1 0 - ^ and by the ha l f -bandwid th 
technique for high damping . The s t o r a g e o s c i l l o s c o p e w a s e m p l o y e d for 
de t e rmin ing the decay of the ampl i t ude of v i b r a t i o n s . An a m p l i f i e r w a s 
p ugged into the v e r t i c a l - p l a t e input, and a t i m e b a s e into the h o r i z o n t a l -
plate input. The s ignal p roduced by the p ickup w a s fed into the a m p l i f i e r 
and a t r i g g e r sweep (Fig, 1) was connec ted to the e x t e r n a l t r i g g e r p o l e s of 
the t ime b a s e . The function of the t r i g g e r sweep was to cut off the e x c i t a ­
tion being fed into the d r i v e r whi le s i m u l t a n e o u s l y s t a r t i n g a s ing le s w e e p 
on the o sc i l l o scope . The pos i t ions of the s w i t c h e s a r e ind ica ted in T a b l e lU 
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The decay of the amplitude of vibrations was displayed on the oscilloscope 
by depressing the switch of the tr igger sweep, and was recorded by manual 
t racing.* An example of the calculation of the internal friction (Q^) using 
the decay method is given in Appendix D. Two determinations of Q"' were 
made with the coupling at different distances from the end of the bar . These 
values and the expression given by Wachtman and Tefft*^ were used to 
determine the absolute internal friction of the sample (Q"'). An example is 
given in Appendix D. 

TABLE III. Position of Switches in Storage Oscilloscope for 
Determining the Decay of the Amplitude of Vibrations 

Unit 

Cathode-ray 
tube 

Time base 

Switch 

UPPER DISPLAY 
LOWER DISPLAY 

MODE 

LEVEL 

SLOPE 

COUPLING 

SOURCE 

Position 

STORE 
STORE 

Single sweep. 

Adjusted by hand to 
approximately zero. 

POSITIVE 

DC 

EXTERNAL 

NOTE: After each determination, the MODE switch was reset . 

The internal friction from the half-bandwidth of the resonant peak 
was also determined. An example of the calculation is given in Appendix D. 
The value of the background noise (Ag) was recorded. The resonant f re­
quency (fj.) was determined, and the amplitude ( A R ) of the signal at this 
point was read. The amplitude of the background (Ag) was subtracted from 
this value to give the true amplitude (A'j) at resonance. The frequency was 
reduced until the reading (Aj^g) on the vacuum-tube voltmeter was equal to 
one-half the true amplitude plus the background amplitude (Ag), and this 
frequency was recorded. The frequency was increased again until the same 
reading (Aj^g) was obtained on the vacuum-tube voltmeter, and the new 
frequency was noted. The difference between these frequencies at half the 
true amplitude gave the value of the half-bandwidth of the resonant peak. 
From this value and the resonant frequency the internal friction (Q^) was 
calculated. 

•Kodak Topographic Sheet, Type A, was used for tracing. 
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B. Study of Effect of Dens i ty on E l a s t i c Modulus and I n t e r n a l F r i c t i o n 

The s a m e lot of u r a n i u m d iox ide* c e r a m i c - g r a d e p o w d e r was u s e d 
for a l l the s a m p l e s . The c h a r a c t e r i s t i c s of the m a t e r i a l a r e i n d i c a t e d in 
Table IV. The s t a r t i n g m a t e r i a l was w e t - m i x e d with 2% C a r b o w a x , * * g r a n ­
ulated through a 2 0 - m e s h s c r e e n , p r e s s e d in a s t e e l die a t 140 k g / c m ^ , and 
r e p r e s s e d i s o s t a t i c a l l y a t 3850 k g / c m ^ . Th i s t echn ique m i n i m i z e d the s t r e s s 
g rad ien t in the b a r s . The s p e c i m e n s w e r e p l aced in a m o l y b d e n u m boa t , and 
the b inde r was b u r n e d out at 500°C in flowing h y d r o g e n . The s i n t e r i n g w a s 
p e r f o r m e d in hydrogen . The amoun t of c a r b o n a f te r s i n t e r i n g i n c r e a s e d to 
81 ppm, and the f luor ine d e c r e a s e d to 66 ppm. S i n t e r i n g t e m p e r a t u r e v a r i e d 
f rom 1750 to 1550°C, a c c o r d i n g to the dens i t y d e s i r e d . The b a r s w e r e 
brought to final d i m e n s i o n s by lapping. The technique is d e s c r i b e d in 
Appendix B. The faces w e r e flat and p a r a l l e l within 0.002 c m . Such p r e c i ­
sion is n e c e s s a r y to obtain c o r r e c t abso lu te va lues of the e l a s t i c m o d u l u s . 
When r e l a t ive changes of e l a s t i c modulus a r e d e t e r m i n e d by changing a 
v a r i a b l e within the s a m e s p e c i m e n , such a c c u r a c y in the d i m e n s i o n s i s not 
n e c e s s a r y b e c a u s e the d imens iona l t e r m s cance l out in the f inal equa t ion . 
Approx ima te d imens ions of the b a r s af ter s i n t e r i n g w e r e 0.7 x 0.5 x 7 c m 
and, after f inishing, 0.3 x 0.2 x 7 c m . 

TABLE IV. Cha rac t e r i s t i c s of UOz^ 

Element Pa r t s /m i l l i on 

A. Impur i t ies 

Ag 
Al 

A s 
B 
Be 
Bi 
C 
Ca 
Co 
C r 
Cu 
F 
F e 
K 

< 1 
20 

< 2 0 
<0.1 
<0.5 

< 1 
44 

< 5 0 
< 5 
40 

2 
260 
100 

<100 

B, Average par t ic le s ize: <0.5 n 

C. Surface a rea : 2.74 mVg 

D. O/U rat io: 2.05 

Element 

Li 

Mg 
M n 
M o 
Na 
Ni 
P 
P b 
Sb 
S i 

Sn 
T i 
Zn 

l icron 

tPepleted Ker r -McGee Ceramic Grade. 

*Kerr-McGee, Lot 1-30-36. 
* t a r b o w a x 4000. 
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The density was determined by the Archimedes method. The liquid 
used for the measurement was carbon tetrachloride. The elastic modulus 
and internal friction were calculated as described in Par t A. 

C. Study of Effect of Grain Size on Elastic Modulus and Internal Friction 

The samples were pressed as explained in Pa r t B, sintered in hy­
drogen at 1700°C for 2.5 hr , and finished as explained in Appendix B. A 
piece of one bar was cut and used to find the grain size. This value was 
assumed to be the same in the res t of the ba r s . This approximation seems 
reasonable because the samples were fabricated identically and sintered at 
the same t ime. The grain size was determined by the intercept method 
explained by Hilliard. ^ Better results were obtained by making the mea­
surements on the microscope image than on photomicrographs. Slightly 
changing the focus made it possible to distinguish some grain boundaries 
that were not otherwise readily discernible. After the elastic and anelastic 
t ra i ts were determined, the samples, together with the bar used for deter­
mining the grain size, were heat- t reated in hydrogen to produce grain 
growth. After each heat treatment, the elastic modulus, internal friction, 
and grain size were again determined. 

D. Study of Effect of Oxygen-to-Uranium Ratio 

The stoichiometric ba r s were prepared as discussed in Par t B. The 
O/U ratio after sintering was determined by oxidizing one of the samples to 
U3OJ, measuring the weight gain, and assuming that the same O/U ratio was 
valid for the other samples. The ba r s were oxidized by placing the speci­
mens and green pellets of U3O8 in sealed fused-silica tubes, which had been 
previously evacuated and then filled with argon at a part ial p ressure of 
500 Torr . Apiece ofonebar, which had been prepared in a similar way as the 
specimen to be tested, was placed in each capsule. Figure 4 shows one of 
the capsules. The sealed tube was placed in a furnace, and the temperature 
was raised to 1100°C and held there for a period depending on the O/U ratio 
desired. The furnace was turned off and when the temperature was 450°C, 
the capsule was withdrawn and allowed to cool at room temperature . This 
cooling schedule produced a precipitation of a second phase. In a few cases , 
the specimens were taken out of the furnace at a different temperature to 
change the amount of the second phase precipitated. After the oxidation was 
completed, the O/U ratio was determined as a function of the known initial 
O/U ratio and the weight gain. Examples of the calculation of the O/U atom 
ratio are given in Appendix E. The specimens were tested to determine the 
elastic modulus and internal friction values. Some of the bars were oxidized 
further, and the steps were repeated. 



A. Piece for analysis 
B . Sample for testing 
C. U3O8 pellets 

Fig. 4. Fused-silica Capsule for Oxidation of UO2 

E. P r e p a r a t i o n of P o l i s h e d Sec t ions 

The s a m p l e s w e r e mounted in c o l d - m o u n t r e s i n . * T h e y w^ere 
ground with 120, 240, 400, and 600 s i l icon c a r b i d e p a p e r s and p o l i s h e d 
with 6/i and 1 jLi d iamond p a s t e . A final po l i sh ing was given with 0.3 and 
0.05 n a lumina . The s p e c i m e n s w e r e e tched with a so lu t ion of 10%H2SO4 
and 90%H2O2. 

F . X - r a y Diffraction 

The X - r a y dif f ract ion a n a l y s i s was c a r r i e d out by the D e b y e -
S c h e r r e r me thod . Powde r p a t t e r n s w e r e taken by us ing CuKa r a d i a t i o n 
with a G e n e r a l E l e c t r i c unit work ing at 15 m A a n d 48 kV peak . The 
d i a m e t e r of the c a m e r a was 114.59 m m . 

•Koldmount manufac tu red by Vernon-Benshof f Company . 
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VI. RESULTS AND DISCUSSION 

A. Effects of Density on Elastic Modulus of Uranium Dioxide at Room 
Tempera ture 

The change of elastic modulus with porosity of uranium dioxide at 
room tempera ture is shown in Table V and Fig. 5. All the specimens were 
stoichiometric. Figure 5 indicates the sensitivity of the technique em­
ployed. Although the density range covered was narrow, the elastic 
modulus clearly increased with density. The elastic modulus of nonporous 
uranium dioxide at room temperature was determined by the leas t - squares 
solution of Equation (14) and 

^oe 
- b P (15) 

where E is the elastic modulus of the porous polycrystalline mater ia l , EQ 
is the elastic modulus of the nonporous polycrystalline mater ia l , b is an 
empirical constant, and P is the volume-fraction porosity. 

Sample 

1 
2 
5 

13 
24 
30 
32 
34 
36 
37 
39 
44 
45 
46 
47 
48 
49 
50 
68 
71 
74 
75 
76 
68-1 
68-2 
69-1 
69-2 

T A B L E V. E l a s t i c Modulus 

Ef, 
kilobars"^ 

2056 
2062 
2067 
2048 
1920 
1888 
2069 
2127 
2105 
2151 
2108 
2090 
1972 
2149 
2099 
2070 
2090 
2032 
2054 
2086 
1998 
1927 
1940 
2101 
2112 
2034 
2041 

k i l o b a r s 

2070 
2062 
2067 
2051 
1918 
1910 
2136 
2180 
2121 
2132 
2078 
2070 
2026 
2086 
2075 
2045 
2076 
2049 
2061 
2073 
1987 
1935 
1948 
2093 
2104 
2025 
2030 

of U r a n i u m Dioxide as a Fu 

E a v 
k i l o b a r s ' ' 

2063 
2062 
2067 
2099 
1919 
1899 
2102.5 
2155 
2113 
2142 
2094 
2080 
1999 
2188 
2087 
2058 
2083 
2041 
2057 
2080 
1992 
1931 
1949 
2097 
2108 
2029 
2035 

Densi ty , 

g / c c 

10.53 
10.61 
10.73 
10.63 
10.53 
10.41 
10.52 
10.72 
10.66 
10.73 
10.63 
10.57 
10.54 
10.59 
10.62 
10.56 
10.55 
10.58 
10.55 
10,62 
10.35 
10,32 
10,32 
10,67 
10,70 
10,61 
10,63 

nction of Density 

P e r c e n t of 
T h e o r e t i c a l 

Density*^ 

96,07 
96,80 
97,90 
96,99 
96,07 
94,98 
95,98 
97,81 
97,26 
97,90 
96,99 
96,44 
96,16 
96,62 
96,90 
96,35 
96,26 
96,53 
96,26 
96,90 
94,43 
94,16 
94,16 
97,35 
97,63 
96,75 
96,99 

V o l u m e -
F r a c t i o n 
P o r o s i t y 

0,0373 
0,0320 
0,0210 
0,0301 
0,0393 
0,0502 
0,0402 
0,0219 
0,0274 
0,0210 
0,0301 
0,0356 
0,0384 
0,0338 
0,0310 
0,0365 
0,0374 
0,0347 
0,0374 
0,0310 
0,0557 
0,0584 
0,0584 
0,0265 
0,0237 
0,0325 
0,0301 

E , i s the e l a s t i c modu lus ca lcu la t ed f rom f la twise f lexura l v i b r a t i o n s . 
°Eg i s the e l a s t i c modulus ca lcu la t ed f rom edgewise f l exura l v i b r a t i o n s . 
'^Eav i s the a v e r a g e e l a s t i c modulus . 
^The t h e o r e t i c a l dens i ty of UO2 used for the ca lcu la t ions was 10.96 g / c c . 
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D MEAN OF VOIGT AND REUSS AVERAGE 

O ELASTIC MODULUS CALCULATED FROM 
FLATWISE FLEXURAL VIBRATION 

• ELASTIC MODULUS CALCULATED FROM 
EDGEWISE FLEXURAL VIBRATION 

0 03 0 04 

VOLUME FRACTION POROSITY 

Fig. 5. Effect of Porosity on Elastic Modulus of UOj 
at Room Temperature 

Equation (15) has been proposed by Spriggs ' and is based on a 
relation between strength and porosity postulated by Knudsen. 
tion (15) may also be written 

,«n E = ,en Eo - bP, 

Equa-

;i6) 

which is easier to solve by the least-squares method. The values for EQ, 
b, and A are presented in Table VI. The values obtained for EQ fall within 
the range mentioned by Wachtman et al., who determined that Young's 
modulus for nonporous polycrystalline UO^ without preferred orientation 
should be between 2170 kilobars (Reuss average) and 2440 kilobars (Voigt 
average). The mean of both averages is 2305 kilobars. The agreement 
with the present data is good, even better if one realizes that (a) the 
techniques employed were dissimilar, (b) Equations (14) and (15) are 
based on ideal conditions that are not always attained in pract ice, and 
(c) some er ror is introduced during the density determination. Wachtman 
^ al. ^ worked in the ultrasonic region; in the present investigation, the 
tests were performed by For s t e r ' s method in the sonic range. The same 
authors" claim that, by extrapolating the results published by Lang ," a 
value of 2280 kilobars is obtained for nonporous uranium dioxide. This 
agrees even more closely with the present resul ts . Some of the speci­
mens used by Lang ^ were not stoichiometric. 
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TABLE VI. Values of EQ, b, and A Obtained by Leas t -squares 
Fitting of Exponential and Linear Equations 

Equation 

E = E„e-bP 

E = Eo( l -AP) 

EQ, kilobars 

2243.56 ± 22.10 

2233.85 ± 22.05 

b 

2.512 

A 

2.277 

By the use of the leas t -squares fitting of data, the elastic modulus 
was calculated from zero to 0.4 volume-fraction porosity. The resul ts are 
presented in Fig. 6. The information in the l i terature has also been 
plotted. These values, in general , follow closely the curve obtained by 
fitting the l inear equation proposed by Hasselman. The lower value ob­
tained by Lambertson and Handwerk^ should be attributed to the static 
technique ennployed, which produces smaller values for the elastic modu­
lus (relaxed modulus). The very small deflections produced in uranium 
oxide, when subjected to a static load at room temperature , make it difficult 
to obtain prec ise resul ts with this technique. 

• LAMBERTSON AND HANDWERK O BOWERS •( si, 

(60) 
D SCOTT el al 

WACHTMAN el ol. 

a BELLE AND LUSTMAN 

A LANG 

(63) 
O WACHTMAN el o[, 

(MEAN OF VOIGT AND 
REUSS AVERAGE) 

0,15 0,20 0.25 0,30 

VOLUME FRACTION POROSITY 

Fig. 6. Variation of Elastic Modulus of UO2 at Room Temperature , 
Calculated from Exponential and Linear Relationships with 
Porosity 
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The exponential equation gives higher values of the elastic modulus. 
That is because, as mentioned before, this relation does not fulfill the 
boundary condition for P = 1. The linear equation gives zero elasticity 
for a volume-fraction porosity of 0.438. This is consistent with the postu­
late of Marlowe and Wilder*^ that a material of initial uniform part icle 
size should approach zero elasticity at porosity less than 0.4764 volume-
fraction porosity. 

B. Effects of Grain Size on Internal Friction of UO2 

The variation of internal friction as a function of grain size of 
urania is presented in Table VII and Fig. 7. 

TABLE VII, Internal Fr ic t ion Against Gra in - s i ze Dimensions 

Sample^ 

72 
68 
69 
68-1 
69-1 
iz-\ 
68-2 
69-2 
72-2 
68-3 
69-3 
72-3 
68 -4 
69-4 
72-4 
68-5 
69-5 
72-5 
68-6 
69-6 

L , 
b m i c r o n s 

7,05 
7,05 
7,05 
8.38 
8,38 
9,15 
9,97 
9,97 

24,00 
24,00 
24,00 
26.80 
26,80 
26,80 
28,00 
28.00 
28.00 
62,00 
62,00 
62,00 

D, 
m i c r o n s ^ 

7,94 
7.94 
7,94 
9,44 
9,44 

10,50 
11,20 
11,20 
27,00 
27,00 
27,00 
31,00 
31,00 
31,00 
32,00 
32,00 
32,00 
70,00 
70,00 
70,00 

SA X 1 0 ' ^ 
square m i c r o n s 

1,98 
1,98 
1,98 
2,80 
2,80 
3,46 
3,94 
3,94 

22,90 
22,90 
22,90 
30.20 
30.20 
30.20 
32.20 
32,20 
32,20 

153,90 
153,90 
153,90 

Q s ' " ' 0 * ^ 

5,78 
4,72 
4,56 
2,55 
2,05 
1,50 
0,88 
1,10 
0,69 
0,42 
0,32 
0,64 
0,51 
0,41 
1,90 
0,31 
0,14 
0,20 
0,25 
0,14 

0-/ 

100 
100 
100 

54 
45 
26 
18,6 
24 
12 
9 
7 

11 
10 
9 

32,80 
6,5 
3,0 
3,5 
5,3 
3,0 

^The number after the dash indicates the number of t imes that the sample has 
been hea t - t rea ted , 

E is the average grain-length intersect ion, obtained from Hi l l ia rd ' s monograph, '"* 

D is the average grain d iameter , obtained from ASTM E- 1 12-63,' 

SA is the average grain spherical area , 

^Q is the absolute internal friction. 

. 97b 

SI 

3ik 'QRA= QT" >̂  '°°' 

w h e 
size A; QJi is the relative internal friction for a sample of gra in 

the absolute internal friction for the initial sample, in this case with"! TraTn 
diameter of 7,94 microns ; and QgA is the absolute internal friction for a sa. 

SI 

of grain size A, a sample 
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Fig. 7. Change of Internal Friction with Grain Dimensions 

W a c h t m a n ^ ^I_. reported an internal-friction value of 4.3 x 10 
for uranium dioxide. They did not mention the grain size of the sample. 
This makes a comparison with results herein meaningless because grain 
size can affect the internal-friction values of UO^ at room temperature 
by a factor of as much as 30. 

Specimen 72-4 showed a very high value of internal friction. The 
test was repeated several t imes with identical resul t s . This anomaly might 
be attributed to some defect that was annealed out during the subsequent 
heat t reatment . Wachtman et a l . " observed a similar phenomena while 
studying the internal friction of alumina. 

The micros t ructure of samples with different grain size is shown 
in Figs. 8-11. The dimensions of the grains have a rather wide range. 
However, this variation was much larger in the as-s in tered specimens. 
In these samples, the grains near the surface were very small. 

Figure 7 indicates that the internal friction decreases sharply, in 
almost a linear way, up to a grain spherical surface of about 400 square 
microns. Then the internal friction values start to level off. The air 
damping at this stage must be the main source of internal friction. Tests 
performed in vacuum probably would extend the range of linear decrease 
of internal friction with increasing grain size. 
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F i g . 8. M i c r o s t r u c t u r e of UO2.005 with A v e r a g e 
G r a i n D i a m e t e r of 7.94 /I, a f ter E tch ing 

m miMsmM^¥i^^' ^^•r 

42613 

Fig . 9. M i c r o s t r u c t u r e of UO2.005 with A v e r a g e 
G r a i n D i a m e t e r of 11.2 fj , af ter E tch ing 
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F i g . 10. M i c r o s t r u c t u r e of UO2,005 with A v e r a g e 
G r a i n D i a m e t e r of 32.4 fl, af ter E tch ing 

35 

42615 

F i g . 11 . M i c r o s t r u c t u r e of UO2.005 with A v e r a g e 
G r a i n D i a m e t e r of 70 jLt, a f ter E tch ing 
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The b e h a v i o r of i n t e r n a l f r i c t ion with changes in g r a i n s i z e fol lows 
a p a t t e r n s i m i l a r to the one d e s c r i b e d for y t t r i u m oxide*^ and for nnagne-
s i u m oxide . Th i s i s c o n s i s t e n t wi th the r e s u l t s pub l i shed by W a c h t m a n 
and L a m . They found a much s m a l l e r i n t e r n a l - f r i c t i o n va lue at r o o m 
t e m p e r a t u r e for a s ingle c r y s t a l of s a p p h i r e than for p o l y c r y s t a l l i n e a l u ­
mina . One can v i s u a l i z e a mode l in which , a s the g r a i n s i z e i n c r e a s e s , 
the p o l y c r y s t a l l i n e body r e s e m b l e s a s ingle c r y s t a l m o r e and m o r e . C o n ­
sequent ly the damping should tend to d e c r e a s e . 

The d e c r e a s e of i n t e r n a l f r i c t ion with i n c r e a s i n g g r a i n s i z e i s 
g e n e r a l l y a t t r i bu t ed to d i s s i p a t i o n of e n e r g y at the g r a i n b o u n d a r i e s . How­
e v e r , the con t r ibu t ion i n t roduced by the p o r o s i t y should a l so be c o n s i d e r e d . 
F i g u r e s 12 and 13 show the m i c r o s t r u c t u r e of two s p e c i m e n s with d i f fe ren t 

. , . - • • , ' ! , . . . 

Figure 12 
;ture of UO, 

Average Grain Diameter of 
7.94 fi, before Etching 

«1 

; • ' - . • lOO/x 

Figure 13 

Microstructure of UO2 005 ^^^^ 
Average Grain Diameter of 
32.4^, before Etching 

42617 
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grain dimensions, before etching. When the grains are small , the porosity 
is scat tered; but when the grains become larger , the number of pores is 
smal ler , and then the possibility of interference with the elastic waves di­
minishes. A test was performed to produce some evidence that the whole 
micros t ruc ture should be considered in evaluating the internal friction. A 
specimen (No. 13) was sintered in such a way that the binder was not prop­
erly burned out. This produced a microstructure with many elongated pores 
at the grain boundaries (Fig. 14). The absolute internal friction of this 
sample was five t imes as large as for a specimen of similar grain size but 
without this type or porosity. This test seems to indicate that the number, 
size, and position of the pores has considerable influence on the internal 
friction at room temperature . Sample 13 had a free-carbon content about 
2.7 t imes as large as that detected in a sample where the binder was 
properly burned out. This also might have some influence on the increase 
of the damping trai t . 

\ * • • ^ • « • -• - 42618 

Figure 14 
ure of UOo 

Etching, Showing Elongated 
Porosity at Grain Boundaries 

C. Effect of O x y g e n - t o - U r a n i u m Atom Ra t io on E l a s t i c Modulus and 
I n t e r n a l F r i c t i o n of U r a n i u m Oxides at R o o m T e m p e r a t u r e 

1. Effect of Oxygen Conten t on E l a s t i c Modulus of U r a n i a at 
R o o m T e m p e r a t u r e 

The f i r s t s t ep w a s to d e t e r m i n e the v a r i a t i o n of e l a s t i c t r a i t s 
due to the ox ida t ion of s t o i c h i o m e t r i c s a m p l e s . The oxygen w a s i n t r o ­
duced a s exp l a ined in Sec t ion V - D . All the b a r s w e r e w i t h d r a w n f r o m the 
f u r n a c e at 450°C. The r e s u l t s of the change of e l a s t i c modu lus with oxy­
gen con ten t of u r a n i a a r e shown in T a b l e VIII and F i g . 15. As the oxygen 
con ten t i n c r e a s e d , the s i g n a l f r o m the p ickup b e c a m e w e a k e r , mak ing the 
e l a s t i c r e s u l t s l e s s a c c u r a t e . T h i s migh t accoun t for the l a r g e r s c a t t e r ­
ing e n c o u n t e r e d in the da t a for c o m p o s i t i o n s wi th an O /U r a t i o g r e a t e r 
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T A B L E VIII. E f fec t of O x y g e n on E l a s t i c M o d u l u s of U r a n i a at R o o m T e m p e r a t u r e 

S a m p l e ^ 

3 

30 

32 

34 

36 

37 

48 

49 

50 

3 2 - 1 

3 0 - 1 

o/u 

2 ,005 

2 ,005 

2 ,005 

2 ,005 

2 ,005 

2 .005 

2 ,005 

2 ,005 

2 ,005 

2 ,025 

2 ,030 

100 

100 

100 

100 

100 

100 

100 

100 

100 

91 ,8 

91 ,5 

E E R " 

-
100 

100 

100 

100 

100 

100 

100 

100 

92 ,3 

93 

S a m p l e ^ 

3-1 

3 2 - 2 

3 4 - 1 

3 0 - 2 

3 2 - 3 

3 0 - 3 

3 2 - 4 

36 -1 

3 0 - 4 

3 7 - 1 

3 7 - 2 

o/u 

2,033 

2 ,054 

2 ,055 

2 ,057 

2 .063 

2 ,067 

2 .081 

2 ,081 

2 ,086 

2 .107 

2 ,124 

F b 

87 ,5 

68 ,5 

59,2 

72 

59 

6 6 , 5 

56 

63 ,1 

70 

6 3 , 4 

63 ,2 

E E R " 

-
69 

59 .7 

74 .3 

60 

6 8 . 5 

56 

63 .6 

-
6 3 . 4 

6 3 , 3 

T h e n u m b e r a f t e r t he d a s h i n d i c a t e s the n u m b e r of t i m e s t he s a m p l e w a s o x i d i z e d . 

w h e r e E p j ^ ^ i s the r e l a t i v e f l e x u r a l e l a s t i c m o d u l u s of a s a m p l e h a v i n g an O / U r a t i o 
of A; ^YA ^^ ^^^ a b s o l u t e f l e x u r a l e l a s t i c m o d u l u s of a s a m p l e h a v i n g an o x y g e n - t o -
u r a n i u m r a t i o of A; E p j i s t he a b s o l u t e f l e x u r a l e l a s t i c m o d u l u s of a s a m p l e h a v i n g t h e 
i n i t i a l o / u r a t i o (2 .005) . 

S a m e a s b , but for e d g e w i s e f l e x u r a l e l a s t i c m o d u l u s . 

• ' ^ i : ^ ^ 1 1 1 1 r 

8 8 

—1 1—1 1—1 1 

1 1 

0 

6 

1 L - _ 

1 ' 

1 1 

—1 

-

" ,
 . 

. ,
 1

 
.J 

2,05 210 

OXYGEN- T O - URANIUM RATIO 

Fig . 15. Change of E l a s t i c Modulus with Oxygen Cont ent 



39 

than 2.05. Micros t ructures of specimens with different oxygen content are 
shown in Figs . 16-23. After the specimens were etched with a solution of 
10% H2SO4 and 90% H2O2, a second phase was detected, which increased as 
the excess of oxygen became la rger . Stoichiometric specimens (Fig. 19) 
did not show this second phase when etched. This ruled out that this 
micros t ruc tura l aspect would have been produced by the H2O2 present in 
the etching solution. Attempts to identify the second phase as U4O9 were 
inconclusive. X-ray diffraction films of nonstoichlometric specimens con­
tained extra lines compared with the films of stoichiometric samples. The 
presence of U4O9 is usually indicated by the appearance of strong lines 
with "d" spacings' ' ' of 0.7843 ( a j and 0.7823 (a2), joint contribution of UO2 
and U4O,; weak lines with "d" spacings of 0.7818 (tti) and 0.7795 (ttj); and 
very weak lines with "d" spacings of 0.774 [a^) and 0.773 (ttj). The X-ray 

• . .« 

• • " 

• • •*. ^ •. ^« Figure 16 

MicrostrQCture of UO2.005. before 
Etching 

« ^ 

» • • 42619 

Figure 17 

Microstructure of UO2 055. before 
Etching 

42620 

100^ 
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Fig. 18. Microstructure of UO2 Q55, before Etching; Same as Fig. 17 but Larger Magnification 

' • • 1 ^ \ 

42768 

y^ 
• 

« 
•• 

• 5 0 ^ 

•\ 

X 

% 

• 

— t 

Fig. 19. Microstructure of UOj 005. after Etching 
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42769 

Fig. 20. Microstructure of UO2 033. after Etching 

42770 
Fig. 21. Microstructure of UO2 055, after Etching 
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I 

• r - • ^ 
'v'/"^' 

Fig. 22. Microstructure of UO2 QSI- ^^^^ Etching 

.' . "ik • •' 

m^. 

Fig. 23. Microstructure of UO2 i(j7, after Eicliing 
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film of nonstoichlometric samples of composition UO2.073 or larger con­
tained weak lines corresponding to "d" spacings of 0.7859 (ttj) and 
0.7841 (aj). These and other extra lines at higher "d" spacings indicate 
the presence of two phases but do not permit their positive identification. 
However, the phase diagrams (Fig. 24) published by several workers"" '"" ' ' "^ 
strongly indicate that the second phase must have been U4O9, probably with 
oxygen deficiency (U40,-y), which had precipitated along the [ H I ] plane 
during cooling, after introduction of oxygen.'^''"^''"^''"^ 

When the samples were hyperstoichiometric, the grain bound­
ar ies were visible before etching; for stoichiometric oxides, the grain 
contours were only visible after etching, as can be seen in Figs. 16-19. 
Probably during oxidation the oxygen diffused through the boundaries and 
pores . When UO2+X was transformed into U4O9, the volume changed, and 
as a resul t a gap took place between the grains. The microstructure of 
the nonstoichlometric oxide (Figs. 20-23) shows that the U4O, is spread 
around pores and triple-boundary joints. This seems to be consistent with 
the above premise . It is also interesting to observe the pores at the grain 
boundaries of the urania specimens having an excess of oxygen. 

Figure 15 indicates that the elastic t ra i ts of urania decreased 
in a large degree up to a composition of UO2,05 and then started to level 
off. Scott et al. reported that the elastic modulus of a sample with com­
position UO2.16 was 66.6% of the value of the same specimen with compo­
sition UO2.00. That would agree with the present data, if the plateau 
observed in Fig. 15 remained unchanged to urania composition of UO2.16, 
which seems a reasonable assumption. 

The resul ts may have been affected by an oxidation gradient 
in the samples. To clarify this point, bars were annealed at 1100°C, and 

the elastic modulus was determined 
TABLE IX. Relative Elastic Modulus before and after Annealing 

Sample 

30-R 

M-1 

32-4 

30-4 

37-1 

O/U 

2.026 

2.0S5 

2.081 

2.0% 

2.107 

Before Annealing 

£FR= 

83 

59.2 

56 

70 

63.4 

EER" 

59.7 

56 

63.4 

After Annealing 

EFR^ 

81 

58 

56.8 

70 

63.8 

^ h," 

64 

57 

64 

again. The resul ts shown in Table IX 
indicate that the elastic values did 
not change much with annealing. Com­
parison of Figs. 23 and 25 indicates 
that the microst ructure was not af­
fected by the annealing t reatment . 
This might be due to two reasons: 
(a) during the cooling following 
annealing, the equilibrium previously 
attained was broken again, and (b) the 
samples had reached equilibrium by 
the completion of the oxidation t rea t -
nnent. To probe into the first possi­
bility, one sample of composition 

as left to cool very slowly in the furnace. The elastic modulus 
52.4. These 

.Si. 
Efl ' 

where EFRA is the relative flexural elastic modulus of a sample with an O/U ratio 
of A; EFA Is the absolute flexural elastic modulus of a sample with an O/U ratio of 
A; EFI is the absolute flexural elastic modulus of a sample with the initial O/U 
ratio 12,0051, 

bsame as a. but for edgewise flexural elastic modulus. 

UO2.O84 
determination gave relative values of Epj^ = 51.5 and Egj^ 
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Figure 24 

UO2-U4O9 Phase Diagram 
(after Schaner' ) 

• • v ^ v ' i f ' 1 ^'^X^'^'~: •<•!••• ' ' ^ 

• 7 a,.,.--̂ -

I 
>:-:t- -i?^ 

Fig. 25. Microstructure of UOj 107, after Annealing and Etching 
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were somewhat less than the ones shown in Fig. 16. However, the dif­
ference was not very large, especially because at this stage of oxidation 
the weak pickup signal made the elastic determination less accurate. The 
second possibility a r i ses because the oxygen used for the oxidation was 
supplied by the UjOj powder and the rate of evolution must have decreased 
exponentially with time. The oxidation treatment of all the samples took 
more than 70 hr , and by this time the entire system must have reached a 
point of quasiequilibrium. 

Figure 26 showed that intergranular cracks were present after 
oxidation. This immediately raised the question of whether the decrease 
of the elastic t ra i t s was the aftereffect of these microstructural defects or 
due to the excess of oxygen in the lattice. Two samples were reduced, and 
the elastic modulus was determined again. The results are presented in 
Table X. The micros t ructures of these specimens are shown in Figs. 26-28. 

Figure 26 

Microstructure of UO2.089. 
after Etching 

42631 

T A B L E X, Rela t ive E l a s t i c Modulus of U r a n i u m Oxides Which Have 
Been Oxidized and Reduced 

Sample 

32 

32-R 

30-R 

o/u 

2,005 

2,005 

2,026 

^ F R 

100 

97 

83 

IT b 

100 

97 

R e m a r k s 

Tes t was p e r f o r m e d before any oxidation or reduct ion was made . 

Oxidized to UO^.osi and then r educed to UO; 005, 

Sample was oxidized to UOz,oe6 and then reduced to UO^.ozb-

EFRA 

w h e r e E j r j ^^ i s the r e l a t ive f lexura l e l a s t i c modulus of a s ample with an O/U ra t io of A; E p ^ 
is the abso lu te f lexura l e l a s t i c modulus of a s ample with an O/U ra t io of A; E p j i s the absolute 
f l exura l e l a s t i c modulus of a s ample with the in i t ia l O/U ra t io (Z.005)-. 

^Same a s a, but for edgewise f lexura l e l a s t i c modu lus . 
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42630 

Fig. 27. Microstructure of a Specimen Reduced from UOggeS 

to UO2 005 (Same Specimen as in Fig. 26) 

'> r V X - - • - ' ' ] - • ' • ' * ' ' - ' : . ' •• ' .•*. . -.-• • : > . - - - ' . , • - . ' * 

i'J'f.'•'.''':•' A*-"'"":' •••.•'^^•.•-v.-. • ^ 1 . r!^^ 1 J 
S t ^ i . . V » - •C- ' - • . .•;• ' 'T.-. '- , , .:'::.t: . . / . .>.Tv v^.'L-4 

42773 

Fig. 28. Miciostructure of a Specimen Reduced from UO2 o89 
to UO2,005i Same as Fig. 27, but Larger Magnification 
to Show Absence of U4O9 Phase. 
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T a b l e X showed tha t p r a c t i c a l l y the s a m e e l a s t i c v a l u e s w e r e ob ta ined for 
the i n i t i a l s p e c i m e n and af ter oxid iz ing and r e d u c i n g ( s a m p l e s 32 and 3 2 - R ) . 
F i g u r e s 27 and 28 ind i ca t ed tha t the c r a c k s r e m a i n e d but the s e c o n d p h a s e 
w a s o b l i t e r a t e d af ter r e d u c t i o n . The r e s u l t s of the e l a s t i c d e t e r m i n a t i o n 
and m e t a l l o g r a p h i c w o r k i n d i c a t e d tha t the d e c r e a s e in the e l a s t i c m o d u l u s 
of UO2 a s the ox ida t ion p r o c e e d e d w a s due ma in ly to the p r e s e n c e of oxygen . 
C o m p a r i s o n of the Young ' s modu lus of 30 -R wi th the r e s u l t s p r e s e n t e d in 
F i g . 15 c o r r o b o r a t e d th i s s t a t e m e n t . The m i c r o s t r u c t u r e i s shown in 
F i g . 29. 

Fig. 29. Microstructure of a Specimen Reduced from UO2_089 
to UO2 026* ^^^^'^ Etching 

The next point to m a k e c l e a r was w h e t h e r the d e c r e a s e in the 
e l a s t i c t r a i t s of u r a n i a wi th e x c e s s oxygen w a s due to the oxygen being in 
so l id so lu t ion o r to the U4O9 p h a s e . R o s s e x p r e s s e d the s a m e doubt 
whi le s tudying the t h e r m a l conduc t iv i ty of u r a n i u m oxide . He a t t r i b u t e d 
the t h e r m a l - c o n d u c t i v i t y b e h a v i o r to the p r e s e n c e of a p r e c i p i t a t e d U4O9 
p h a s e in the n o n s t o i c h l o m e t r i c s a m p l e s , but he did not p r e s e n t proof of 
t h i s . To a n s w e r t he q u e s t i o n , t h r e e b a r s ( 4 9 - 1 , 5 0 - 1 , and 48-1) w e r e 
ox id i zed at 1100°C. S a m p l e s 4 9 - 1 and 50-1 w e r e w i t h d r a w n f r o m the 
f u r n a c e at 800 and 450°C, r e s p e c t i v e l y ; 4 8 - 1 w a s a l lowed to cool v e r y 
s lowly . The e l a s t i c m o d u l u s w a s d e t e r m i n e d , and the r e s u l t s a r e p r e ­
s en t ed in T a b l e XI. The m i c r o s t r u c t u r e s of 4 9 - 1 and 50-1 a r e shown in 
F i g s . 30 and 31 . The e l a s t i c t r a i t of 4 9 - 1 w a s m u c h h i g h e r than for the 
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TABLE XI. Effect of Oxidation Schedule on Elastic Modulus 
of Uranium Oxide 

Sample 

49-1 

50-1 

48-1 

o/u 

2.071 

2.073 

2,084 

^FR^ 

86,3 

53,4 

51,5 

F b ^ER 

54.3 

52.4 

"FRA 
"FA 

X 100, 

where Epn ^ is the relative flexural elastic modulus of a sample 
with an O/U ratio of A; E p i is the absolute flexural elastic mod­
ulus of a sample with an O/U ratio of A; E p j is the absolute 
flexural elastic modulus of a sample with the initial O/U ratio 
(2.005). 

"Same as a, but for edgewise flexural elastic modulus. 

MJ ' * t ~ ' ' 

v̂  
c<^y 
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1 
9 

50 

Fig. 30. Microstructure of UO2.071, after Etching, Oxidized at 1100°C 
and Quenched in Air at 800°C. 



49 

42G28 

Fig. 31. Microstructure of UO2.073, after Etching, Oxidized at 1100°C 
and Quenched in Air at 450°C 

other two samples. The microstructure of 49-1 presented a Widmanstatten 
s t ructure; for 50-1 , the second phase formed interconnected bands. The 
micros t ruc ture of 48-1 was similar to that of 50-1. This indicates'"'"'^ 
that the amount of U4O9 was greater in 50-1 and 48-1 than in 49-1 , which 
was also qualitatively substantiated by the X-ray data. The pattern of 
49-1 did not show lines with "d" spacings at 0.7859 and 0.7841 (ttj). 
but for 50-1 and 48-1 these lines were present. The combination of the 
elastic modulus values and X-ray and metallographic studies established 
that the main cause for the observed behavior of the elastic t ra i ts of 
urania with oxidation was the presence of the U4O9 phase. The plateau 
observed in plotting the elastic modulus against oxygen content must be 
also attributed to the presence of U4O9. When the O/U ratio was greater 
than 2.05, the amount of U4O9 precipitated was such, due to the oxidation 
schedule chosen, that the elastic propert ies of the bar were similar to 
the ones of a body with 100% U4O9. Unfortunately, the exactitude of this 
assumption could not be verified because data were not found on the e las­
tic modulus of U4O9. 

Three possible types of oxygen atoms are present in the U4O9 
s t ructure . ' The O atoms are the ones existing in the fluorite structure 
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of the s t o i c h i o m e t r i c oxide (F ig . 32), the O' a t o m s a r e p l aced 0.85 A along 
the <110> d i r e c t i o n s f r o m the l a r g e i n t e r s t i c e at the c e n t e r of the f luo-

^ o 

r i t e s t r u c t u r e , and the O" a t o m s 1.05 A along the <111> d i r e c t i o n s . The 
p o s i t i o n s of the i n t e r s t i t i a l oxygen a t o m s a r e shown in F i g . 33. A c c o r d i n g 
to Wi l l i s , the i n t roduc t ion of oxygen m u s t change s o m e u r a n i u m a t o m s 
f r o m U"*" to U to m a i n t a i n c h a r g e b a l a n c e (F ig . 34), The bonding 
s t r e n g t h and l a t t i c e e n e r g y m u s t have been a l t e r e d p roduc ing a change 
in the C o n d o n - M o r s e c u r v e s (va r i a t i on of fo rce wi th i n t e r a t o m i c d i s t a n c e ) , 
and consequen t ly , the e l a s t i c m o d u l u s a l s o m u s t have v a r i e d b e c a u s e it i s 
known that Young ' s modu lus i s p r o p o r t i o n a l to the s lope of t h i s c u r v e at 
the e q u i l i b r i u m d i s t a n c e be tween a t o m s (F ig . 35). Tha t would exp la in the 
d i f fe rence in the e l a s t i c va lue s of UO2 and U4O9. 

} OXYGEN ATOM 

O U* ATOM 

• 0 ATOMS 

O 0' ATOMS 

® 0"ATOMS 

INTERSTITIAL AT THE 
CENTER OF FLUORITE 
STRUCTURE 

Fig. 32. Structure of Stoichiometric Uranium 
Oxide (Fluorite Structure) 

Fig. 33. Position of Oxygen Atoms in Cell of U4O9 
(after Willisl06) 

0 

0 

0 

0 

^ 

©u*» 

D 

0 

0 

D 

Ou" 

] 

D 

0 

0 

0 

0 

INTERSTITIAL OXYGEN ATOM 
(0" ) 

INTERSTITIAL OXYGEN ATOM 
to') 

OXYGEN ATOMS IN THE 
STOICHIOMETRIC UOg 

URANIUM ATOMS THAT 
CHANGED FROM U * * TO U*° 

URANIUM ATOM U* 

D 

The interstitial atom O' enters the 
structure at the interstice and 
moves along the <110> direction 
because of the electrostatic attrac­
tion induced by two uranium atoms. 
These two atoms change valence 
to maintain charge balance. The 
repulsion force from O' displaces 
an O atom in an interstitial posi­
tion along the <111> direction 
(O" interstitial oxygen atom). 

Fig. 34. Diagram Indicating Changes in Uranium Oxide Lattice Produced by Introduction of Oxygen 
(after Willisl^^) 
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- REPULSIVE FORCE OF UO, 

. TOTAL FORCE OF UOg 

TANGENT PROPORTIONAL TO E OF U.0_ 

TANGENT PROPORTIONAL TO E OF UOg 

Fig. 35. Model of Condon-Morse Curves Indicating Reason 
for Difference between Elastic Moduli of UO2 
and U4O9 

A s s u m e tha t the e l a s t i c 
m o d u l u s of U4O9 is 50% of 
Young ' s modu lus of UO2. If the 
v a r i a t i o n of e l a s t i c modu lus 
wi th the r a t i o of UO2 to U4O9 
fol lows the p a t t e r n o b s e r v e d by 
H a s s e l m a n ' ^ for a t w o - p h a s e 
m a t e r i a l , a c u r v e as shown in 
F i g . 36 would be ob ta ined , 
which r e s e m b l e s the g r a p h p r e ­
sen t ed in F i g . 15. The plot t ing 
of the e l a s t i c t r a i t s at r o o m 
t e m p e r a t u r e a g a i n s t the r a t i o 
of the two p h a s e s should p r o ­
duce an i n v a r i a b l e c u r v e ; p lo t ­
t ing the e l a s t i c modu lus at 
r o o m t e m p e r a t u r e aga ins t the 
O/U r a t i o would r e s u l t in a 
c u r v e depending on s e v e r a l 
v a r i a b l e s , such as t e m p e r a t u r e 
of ox ida t ion , quench ing , and 
o / u a t o m r a t i o . 

2. Effec t of Oxygen Content of U r a n i a on I n t e r n a l F r i c t i o n 

The r e l a t i v e i n t e r n a l f r i c t ion of u r a n i u m oxide as a function 
of o / u a t o m r a t i o i s p r e s e n t e d in T a b l e XII and F i g . 37. The damping of 
the h y p e r s t o i c h i o m e t r i c b a r s b e c a m e 
so high tha t the decay me thod w a s un ­
s u i t a b l e , and the d e t e r m i n a t i o n s w e r e 
m a d e by the h a l f - w i d t h m e t h o d . 

The l o g a r i t h m of the i n t e r ­
na l f r i c t i o n o f u r a n i a i n c r e a s e d l i n e a r l y 
wi th an e x c e s s of oxygen . Tha t m u s t 
have been the r e s u l t of t he i n c r e a s e d 
p r e c i p i t a t i o n of U4O9. T h i s s e e m s con­
s i s t e n t wi th the r e s u l t s ob ta ined for 
s a m p l e s 4 9 - 1 and 5 0 - 1 . The l a t t e r , 
as w a s e x p l a i n e d b e f o r e , had a l a r g e r 
amoun t of U4O9 than did 4 9 - 1 , and that 
m u s t have been the r e a s o n for the d a m p ­
ing i n c r e a s e no t i ced in Tab le XII and 
F i g . 37. 

No p l a u s i b l e exp lana t ion was 
found for the d i s c r e p a n t i n t e rna l - f r i c t i on 
r e s u l t of the s a m p l e wi th c o m p o s i t i o n 
UO2.08I . 

PERCENT OF U.O-

Fig. 36. Hypothetical Variation of Elastic 
Modulus with Ratio of UO2 to U4O9 
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TABU XII. EtfBct of Oxygen Content on Internal Friction o( Urania 

Sample 

30 

32 

34 

36 

37 

49 

SO 

32-R 

O/U 

2.005 

2.00S 

2.005 

2.005 

2.005 

2.005 

2.005 

2.005 

o-/ 
VK 

lOO 

100 

100 

100 

100 

100 

233 

Remarks 

Ouencheilat450°C 

Quenched at 450''C 

Quenched at 450''C 

Quenched al 450°C 

Quenched al450''C 

Quenched at 450°C 

Quenched at 450''C 

Oxidized to UO2,08i and then 
reduced in H2 

Sample 

30-R 

34-1 

49-1 

50-1 

3«-l 

37-1 

O/U 

2,026 

2.055 

2.073 

2.075 

2.081 

2.107 

o»' = 

550 

Z,725 

2.W 

7.800 

3,225 

38,500 

Remarks 

Oxidized to l>02.084 arid then 
reduced in H2 

Quenched at JSO'C 

Quenched at 800°C 

Quenched at 450°C 

Quenched at 450»C 

Quenched at 450=0 

M-^Ti-lCO. 

where Q R ^ IS the relative internal (rictlon for a sample with an O/U ratio of A, Q^l Is the absolute Internal friction (or a sample with an O/U ratio o( A. and O;' 
is the absolute Internal friction (or a sample with the Initial O/U ratio (2.005). 

: — 1 

- a 
-
~ A 

-
- • 

0 

-

-
-
-

~ -
-
-
-
* 

-0—1 

1 I 1 I 1 1 1 1 

OXIDIZED TO UOgog^ANO THEN REDUCED 

IN HjTO U02 0JJ 

OXIDIZED TO UO2 081 AND THEN REDUCED 

IN HjTO UOjoo, 

QUENCHED AT SOO'C (SAMPLE 49-1) . 

QUENCHED AT 450"C / 

SPECIMEN 50-1 / 

7 r ° 
/ / 

/ SPECIMEN 49-1 

d / 

\ 1 1 1 i 1 1 

1 
-
-

/ -
/ 

-
-
-
-

--

J
_
L

 

-
-

~ 

1 
2,00 201 2,02 2 0 3 2,04 2.05 2.06 2.07 2.08 2.09 2.10 2 11 

OXYGEN - TO - URANIUM RATIO 

Fig. 37. Change of Internal Friction with Oxygen 
Content of Urania at Room Temperature 
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The relative internal friction could be expressed by 

Q R = Q R C + Q R G + Q R P + Q R ' S P . (IV) 

where Q^ is the total relative internal friction, Q^'^, is the relative in­
te rna l friction due to the cracks , Q ^ ' Q is the relative internal friction due 
to the grain boundaries, Q^'p is the relative internal friction due to the 
porosity, and Q R S P is the relative internal friction introduced by the 
second phase. 

The relative internal friction for (a) the initial sample (Q^\), 
(b) the bar (37-1) after oxidation (QRQ) , and (c) the specimen (32-R) after 
reduction (Q^'^.) may be expressed as 

Q R I = Q R C I + Q R O I + Q R P I + Q R S P I = 1 0 0 , (18) 

^ QRO = Q R C O + Q R G O + Q R P O + Q R S P O = 38,500, (19) 
and 

QRr = QRCr + QRGr + QRPr + ^RSPr = 233. (20) 

In these express ions , 

Qj^Qj = ^RSPi ~ '^RSPr ~ 0 (because there were no cracks 
in the initial sample, and no 
second phase was present in the 
sample before oxidation or after 
reduction), (21) 

Qof-; = '^RC (because there was no change in the grain size 
during oxidation), (22) 

Qj(^Qj = Q R Q J . (because there was no change in the grain size 
after oxidation and reduction), (23) 

Q ^ p . ~ Q n p (because there was no large change in porosity 
during oxidation), (24) 

Q ^ p . ~ Q R P (because there was no large change in porosity 
during oxidation and reduction), (25) 

and 

'^RCo ~ ^ R C r (t>ecause there was no change in the volume 
percent of cracks during reduction). (26) 
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Then from Equations (18) and (19) and introducing Equations (21), (22), and 
(24), we obtain 

QRO - Q R I = Q R C O + Q R S P O = 38,400. (27) 

From Equations (20) and (18) and introducing Equations (21), (23), and 
(25), we obtain 

QRr - Q R I = Q^'cr = 133. (28) 

Then from Equations (26), (27), and (28), 

QRO - QRr = Q R S P O = ''•^''- (29) 

indicating that the main contribution to the internal friction of nonstoichlo­
metric urania is produced by the second phase. 
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VII, CONCLUSIONS 

The elastic modulus of sintered compacts of stoichiometric uranium 
oxide at room temperature increases with increasing density. When the 
volume-fraction porosity is less than 0.1, either a linear or an exponential 
equation can be used to calculate the elastic t ra i t as a function of density. 
When the volume-fraction porosity becomes greater than 0.1, a l inear 
equation seems to be the most suitable. The linear expression is given by 
E = 2233.85(1 - 2.277P), and the exponential equation by E = 2 2 4 3 . 5 6 e ' ^ - " , 
where E is the elastic modulus of porous polycrystalline uranium oxide, 
and P is the volume-fraction porosity. The elastic modulus of stoichio­
met r ic , nonporous uranium dioxide at room temperature was found by 
extrapolation to be 2243.56 ± 22.1 kilobars when the exponential equation 
was used, and 2233.85 ± 22.05 kilobars when the linear expression was 
used. 

Internal friction of UO .̂oo decreased sharply as the grain size in­
creased. Other micros t ruc tura l charac ter i s t ics , namely, number, size, 
and position of pores also contribute to this behavior. In nonstoichlometric 
urania, the presence of a two-solid phase is the pre-eminent factor 
dictating the damping propert ies at room temperature . 

Young's modulus for nonstoichlometric uranium oxide at room tem­
perature depends mainly on the history of the sample. Varying the oxida­
tion and/or the rate of cooling will produce completely different resul t s . 

When studying or specifying the elastic or anelastic t ra i t of non­
stoichlometric urania at room tempera ture , one must character ize the 
mater ia l not only by the oxygen-to-uranium atom ratio, but also by micro-
s t ruc ture , par t icular ly the number, location, and quantity of solid phases 
present and the type of porosity. In the oxidation range studied here , the 
ratio of UOj-i-x to U4O9 (or U409-y) is advisable to relate propert ies at room 
tempera ture to uranium-oxygen content. 
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APPENDIX A 

Character is t ics of the Instruments for the Determination 
of the Elastic Modulus and Internal Friction 

TABLE A-I. Character is t ics of Storage Oscilloscope 
(Cathode-ray Storage Tube) 

Type 

A c c e l e r a t i n g vol tage 

D e f l e c t i o n - p l a t e s e n s i t i v i t y 

a) H o r i z o n t a l 

b) V e r t i c a l 

S to r age t i m e 

Wr i t ing r a t e 

C o n t r a s t r a t i o 

E r a s e t i m e 

T e t r o n i x T 5 6 4 0 - 2 0 1 

3.5 kV 

17.5 to 19.3 v / c m 

18.5 to 20.5 v / c m 

Up to 1 h r 

In i t i a l ly 1 0 / i s e c / c m i 

2 to 1 m i n i m u m 

A p p r o x i m a t e l y 0,25 s e c 

TABLE A-II, Characterist ics of Differential Amplifier 

Type 

Re jec t ion r a t i o 

P a s s b a n d 

Sens i t iv i ty 

A c c u r a c y 

P h a s e shift 

Input i m p e d a n c e 

T e t r o n i x 2 A 6 3 - - D i f f e r e n t i a l 

50:1 

DC, 300 kc 

1 m V / d i v i s i o n to 20 v / d i v i s i o n in 
14 s t e p s , 1-2-5 s e q u e n c e , U n c a l -
i b r a t e d con t inuous c o n t r o l f r o m 
1 m V / d i v i s i o n to 50 v / d i v i s i o n . 

Within 3% 

N o m i n a l l y l e s s than 1° at 50 kc 

1 Mfi, p a r a l l e l e d by a p p r o x i ­
m a t e l y 47 p F 
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TABLE A-III. Cha rac t e r i s t i c s of Time Base 

Type 

Cal ibra ted sweep 

range 

Accuracy 

Single sweep 

Tr igge r ing modes 

Tr igge r ing signal 

E x t e r n a l Signal 
input 

Tetronix 2B67 

1 jLisec/division to 5 sec /d iv i s ion in 21 s teps , 
1-2-5 sequence. Uncal ibrated continuous con­
t ro l f rom 1 jUsec/division to 12 sec /d iv i s ion . 

3%, with magnif ier , 5% 

Opera tes only after manual r e se t for e i ther 
t r igge red or full-running operat ion 

Internal , external , and line. T r igge r coupling 
may be selected from a.c. slow, a.c. fast, and 
d . c ; t r igger ing level and polar i ty a r e continu­
ously adjustable. Tr igger ing level may be set 
to provide f ree-running or automatical ly t r ig ­
gered sweeps . 

Internal : a signal producing two minor divi­
sions of deflection. 

Exte rna l : a signal from 0.5 V at d.c. to 2.0 V 
at 2 Mc. Sweep will t r i gge r on l a rge r s ignals , 
but level control l imit is ±10 V. 

Bandpass: d.c. to about 750 kc. Sensit ivity: 
about 1 v /d iv i s ion . 

TABLE A-IV. Cha rac t e r i s t i c s of Vacuum-tube Vol tmeter 

Type 

Voltage range 

Decibel range 

F requency range 

Input impedance 

Amplif ier 

Accuracy 

Hewle t t -Packard 400 DR 

0.001 to 300 V in 12 ranges 

-72 to +52 db, in 12 ranges 

10 cps to 4 Mc 

10 MS7 shunted by 1 5 pF on ranges 
1.0 to 300 V; 25 pF on ranges 0.001 
to 0.3 V. 

Output t e rmina l s a r e provided so that 
the vol tmeter can be used to amplify 
sma l l signals or to enable monitor ing 
of waveforms under tes t with an osc i l ­
loscope. Output voltage is approxi ­
mately 0.15 V on all ranges with full-
scale m e t e r deflection. 

±2% of full sca le , 20 cps to 1 Mc 
±3% of full sca le , 20 cps to 2 Mc 
±5% of full sca le , 10 cps to 4 Mc 



TABLE A-V. Character is t ics of Audio Oscillator 

Type 

Frequency range 

Frequency stability 

Frequency response 

Output 

Distortion 

Attenuator 

Internal impedance 

Hum voltage 

Hewlett-Packard 201 CR 

20 cps to 20 kc 

±2% 

±1% db over entire frequency range (reference 1 kc) 

3 W max or 42.5 V 600fi load 

Less than 0.5%, 50 cps to 20 kc at 1 W output. Less 
than 1%, 20 cps to 20 kc at 3 W output. 

0-40 db in 10-db steps. Concentric amplitude con­
trol varies output continuously from zero to maxi­
mum at any attenuator setting. 

Approximately 75 il below 5000 cps at 0-db setting 
of attenuator. Approximately 600 n over entire 
frequency range •with output attenuator at 1 0 db 
or more . 

Less than 0,03% of rated or attenuated output 
(amplitude control at maximum) 

TABLE A-VI, Character is t ics of Frequency Counter 

Type 

Frequency range 

Readout 

Input impedance 

Gate times 

Accuracy 

Computer Measurements Company 225A 

1 cps to 100 kc 

5 decades 

0,5 Mn, 50-pF shunt 

100 /Jsec to 10 sec in 5-decade steps 

±1 count ± oscillator accuracy (± t r igger 
level e r r o r for period measurement) 
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TABLE A-VII, Charac te r i s t i cs of Power Amplifier 

Type 

Power output 

F requency response 

Gain control 

Output impedance 

Output voltage 

Input impedance 

Mcintosh MI-75 

75 W 

+ 0 - 0 . 2 db, 20 cps to 20 kc 
+ 0 - 1 db, 18 cps to 40 kc 

Accommodate input levels from 0.5 to 30 V 

4, 8, 16, 67, 150, and 600 Q 

25, 70.7, 115, and 230 V 

High and low. When a low-impedance line 
input or bridging input is desi red, a plug-
in input must be used. 

TABLE A-VIII, Charac te r i s t i c s of Dr iver TABLE A-IX, Charac te r i s t i cs of Piclcup 

Type 

Input impedance 

Maximum input 
voltage 

Frequency response 

Astat ic Cutting 
Head M41-500 

500 n 

40 V 

Flat 

Type 

Output voltage 

Needle p r e s s u r e 

Frequency range 

Output impedance 

Astatic Phonograph 
Car t r idge L- 12 

4 V 

28.35 g 

50-5000 cps 

1 M.Q, or m o r e . 
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APPENDIX B 

F i n i s h i n g O p e r a t i o n of S p e c i m e n s for 
E l a s t i c and A n e l a s t i c S tud ies 

S p e c i m e n s w e r e f in ished on lapping w h e e l s wi th the a id of the 
s t a i n l e s s - s t e e l jig shown in F i g . B - 1 . The s p e c i m e n was p laced ins ide of 
the dev ice (C) tha t was r e s t i n g on a flat s u r f a c e . C o l d - m o u n t i n g m i x t u r e 
was p o u r e d in unt i l the s a m p l e was c o v e r e d . This moun t ing he ld the b a r 
and m i n i m i z e d the s t r e s s e s du r ing the g r ind ing . With the he lp of the 
p lunge r ( B ) , the s p e c i m e n and the mount ing w e r e p u s h e d f r o m the flat s i de 
un t i l p a r t of the s p e c i m e n p r o t r u d e d f r o m the j ig . The s c r e w s in t he jig 
w e r e t igh tened aga ins t the p lunge r , and the p r o j e c t i n g p a r t of the m o u n t e d 
s p e c i m e n w e r e ground unt i l a flat s u r f a c e was ob ta ined . The s c r e w s w e r e 
loosened , and the s a m e p r o c e s s was repeated, but start ing from the newly 
flat s u r f a c e . When the g r ind ing was n e a r comple t i on , the m o u n t e d s p e c i ­
m e n was r e m o v e d f rom the j ig . A gauge ( A ) was put i n s i d e of the dev i ce 
and p r e s s e d w^ith the p lunge r aga ins t a flat s u r f a c e . Then the s c r e w s w e r e 
t ightened, holding the p lunger in the c o r r e c t pos i t i on . Af te r the gauge was 
r e m o v e d , the mounted s a m p l e was r e p l a c e d and f in i shed . The g r ind ing 
was s t a r t e d with s i l i con p a p e r n u m b e r 80, followed by 120, 240, 400, and 
600. T h e s e s t eps p roduced two flat and p a r a l l e l s u r f a c e s . The s p e c i m e n 
was t aken f rom the jig and d i smoun ted wi th the he lp of a hot w i r e . Then 
the p r o c e d u r e was r e p e a t e d wi th the o the r two f a c e s . 

^•)<IM'"|>"('>'('»|1.|.,.|i|.|4.|.B(.|.(«l)l|M'l'| '"r'l'| I'l .|i|l(.|.|.l.|.(.|.|'|.l.(.l'l'l'l.I'lMi|.t 

mi.^igiliiiiliiitiiiliiiiliitakt^' 

Fig . B - 1 , Device E m p l o y e d for F i n i s h i n g the Bars 
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APPENDIX C 

Calculation of the Elastic Modulus 

1, Calculation Formula 

The elastic modulus was calculated from the expression 

C x m X f 2 
E = 0.94645 X .̂ -, (C-1) 

D 

where E is Young's modulus, m is the mass of the specimen, fj. is the 
resonant frequency of the fundamental mode of flexural vibration, D is the 
dimension of the c ross section perpendicular to the direction of vibration, 
and C is a factor given by Hasselman's table* as a fijnction of the dimen­
sion of the c ross section paral lel to the direction of vibration, the length, . 
and Poisson ' s ratio (ij.). 

Lang has reported values of Poisson 's ratio varying from 0.291 to 
0.306. For the present calculations it has been assumed to be 0.30. 

2. Example of Calculation 

a. Data 

Dimensions of c ross section: 0.326 x 0.231 cm 

Length, L: 6.799 cm 

Mass,m: 5.4280 g 

Flatwise resonant frequency:* 2254.2 cps 

Edgewise resonant frequency:** 3166 cps 

b . Flatwise Elastic Modulus (Ef) 

To enter Hasselman 's table, the ratio of D to L must be cal ­
culated. In this example. 

5 ._ 0,111 -_ 0.0340. 
L 6.799 

*This is the resonant frequency when the vibration is perpendicular to the 
longer side of the c ross section. 

• •This is the resonant frequency when the vibration is perpendicular to the 
shor ter side of the c ross section. 
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From this value and assuming ^ = 0.30 from Hasselman 's table, we obtain 

C = 25654.5. 

Then, 

Ef = 0.94645 X " 6 5 4 . 5 x 5 .̂4280 x (2254.2)^ 

= 2054.03 X lO' dynes/cm^ 

= 2054.03 kilobars. 

c. Edgewise Elastic Modulus (Eg) 

Similarly, 

D ^ 0.326 
L " 6.799 0.0479. 

Then 

C = 9249.07. 

Therefore, 

0 94645 X 9249.07 x 5 .4280 x (3166)^ 
0.231 

= 2061.74 X 10' dynes/cm^ 

= 2061.74 kilobars. 
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A P P E N D I X D 

C a l c u l a t i o n of the I n t e r n a l F r i c t i o n 

1. E x a m p l e of C a l c u l a t i o n of the I n t e r n a l F r i c t i o n by the Decay Method 

a. Data 

(AQ, Al , and At w e r e ob ta ined f r o m F i g . D-1 . ) 

2Ao = 260 mV; 

2Ai = 130 mV; 

At = 0.2 s e c ; 

fj. = 2270 c p s . 

- I — I — I — I — \ — I — I — I — I — r 

H^'k 
VERTICAL AXIS; 50 mV/cir 
HORIZONTAL AXIS; 0,2sec/c>n 

F i g , D-1 

Decay of Ampl i tude of 
V ib ra t ion T r a c e d f r o m 
S to r age O s c i l l o s c o p e 

b . Ca lcu la t ion 

Q - ' = 

2Ao 
2"̂  2A, 

77 X f j . X At 

In 0.693 
3.14 X 2270 X 0.2 

4.86 X 10" (D-1) 

C a l c u l a t i o n of Q : ' E m p l o y i n g the Equa t ion Given by Wach tman and 

Tefft* ' 

Q - ' + k Q ; ' ( y / y o ) ' 

^m ~ 1 + k(y/yo)^ 
(D-2) 

w h e r e Q " ' i s the i n t e r n a l f r i c t ion ac tua l ly obta ined f r o m a m e a s u r e m e n t , 
Q - ' i s t h T a b s o l u t e i n t e r n a l f r i c t ion of the s a m p l e , Q£ is the i n t e r n a l 
f r i c t i o n of the a p p a r a t u s , k i s a cons t an t for a given s p e c i m e n and 
s u s p e n s i o n . 



64 

, / .2 _ 1.018[cosh (4.730x/i) + cos (4.730x/^)] - [smh (4.730x/«) - sm (4,7 30x/i)] 

'^/''"^ = zJJb ' 

X is the d i s t a n c e of s u s p e n s i o n f r o m end, and i i s the length of the s p e c i ­
m e n . Values of (y/yo)^have been t abu la t ed by W a c h t m a n and Tefft.* 

a. Data 

Q;;^ = 1.80 X 10"* when x / i = 0.200; (D-3) 

Q^ = 7.79 X 10"* when x / i = 0.150; (D-4) 

(y/yo)^ = 0.0096 when x / i = 0.200; (D-5) 

(y/yo)^ = 0.0973 when x / i = 0.150. (D-6) 

b . Ca lcu la t ion 

F r o m (D-2) , (D-3) , and (D-5) , 

1.80 X 10"* = Q - ' + 0 . 0 0 9 6 k Q : ' . (D-7) 
s a ^ / 

To s impl i fy the c a l c u l a t i o n s , the t e r m k(y/y(,)^ h a s b e e n e l i m i n a t e d f r o m 
Equat ion (D-2) . Th i s t e r m is m u c h s m a l l e r than uni ty and does not affect , 
p r a c t i c a l l y , the value of Q ^ . 

Then, 

Qg ' = 1.80 X 10"* - O.0096kQ"' . (D-8) 

Subst i tu t ing (D-4), (D-6) , and (D-8) , in (D-2) , we obta in 

7.79 X 10-* = (1.80 X 10-* - 0 .0096kQ- ' ) + 0 . 0 9 7 3 k Q - ' , (D-9) 
3- a 

kQ£ ' = 0.683 X 1 0 • ^ (D-10) 

Subst i tu t ing (D-10) in (D-7) , we obtain 

Q i ' = 1.80 X 10-* - [(U.683 X 10-2)(0.96 x 10"^)], (D-11) 

or 

Q - ' = 1.15 X 10-*. (D-12) 
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3. Calculation of the Internal Friction by the Half-bandwidth Method 

a. Data 

Background amplitude (A^) = 15 mV; 

Amplitude at resonance frequency (Aj^) = 61 mV; 

Resonance frequency (fj.) = 2319 cps; 

True amplitude (A-p) = Aj^ - Ag = 46 mV; 

Half-bandwith amplitude (Aj.jg) = —^ + Ag 

= 23 + 15 = 38 mV; 

Frequencies at A H B = 2307 and 2331 cps. 

b. Calculation 

Half bandwidth = Af = 2331 - 2307 = 24 cps; 

. ^ 0.5773 xAf. (D.13) 

Q-l = 0,5773jLi4 4 ^ jO-4, (D-14) 
" 2319 
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APPENDIX E 

D e t e r m i n a t i o n of O x y g e n - t o - U r a n i u m A t o m R a t i o 

1. D e t e r m i n a t i o n of an Unknown O x y g e n - t o - U r a n i u m R a t i o 

a. A C o o r s - a l u m i n a c r u c i b l e w a s h e a t e d at 800°C in a i r and 
p l a c e d in a d e s i c c a t o r . 

b . The m a t e r i a l to be a n a l y z e d w a s c r u s h e d and kep t o v e r n i g h t in 
a d e s i c c a t o r to e l i m i n a t e the m o i s t u r e . 

c. The c r u c i b l e w a s we ighed e m p t y and con ta in ing the m a t e r i a l 
(about 5 g). 

d. The c o n t a i n e r and p o w d e r w e r e i n t r o d u c e d in a f u r n a c e , and 
the t e m p e r a t u r e was r a i s e d to 800°C. 

e. The m a t e r i a l w a s r e m o v e d f r o m the f u r n a c e , left in a i r for 
5 m i n , and then p l a c e d into a d e s i c c a t o r unt i l c o m p l e t e l y coo l . 

f. The weight w a s d e t e r m i n e d . 

g. S teps 4, 5, and 6 w e r e r e p e a t e d unt i l t h e r e w a s no f u r t h e r 
change in weight , i nd ica t ing that a l l the m a t e r i a l had b e e n ox id i zed to 
^Oz.66T 

h. The o / u r a t i o was c a l c u l a t e d f r o m 

U 
/Wo \ 

1 7 . 5 4 6 ( ^ j 14.879, ( E - 1 ) 

w h e r e Wg is the weight of the m a t e r i a l b e f o r e ox ida t ion , and W A IS the 
weight of the m a t e r i a l a f t e r ox ida t ion . E x p r e s s i o n ( E - 1 ) i s d e r i v e d a s 
fo l lows: 

The n u m b e r of m o l e s b e f o r e and a f t e r ox ida t ion is g iven b y 

nB = — ^ ' ' ^ — - ^ B 

and 

Mol Wt U O x ^ Mol Wt U + Xu Mol Wt O 238.07 + 16Xu' 

W A W A W A 
"A = ^ Mol Wt UO2.667 Mol Wt U + 2.667 Mol Wt O 280 .742 ' 
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n g = nA. 

it fo l lows tha t 

W B W , 

238.07 + 16X„ 280 .742 ' 

T h e n , 

16X„ 2 8 0 . 7 4 2 ( ^ ) - 238.07, 

Xu = 
280.742 

16 V W A WA/* 

238.07 
16 

1 7 . 5 4 6 ( ^ j - 14.879. 

2. D e t e r m i n a t i o n of the O x y g e n - t o - U r a n i u m Rat io When the In i t i a l Ra t io 
Is Known 

The r a t i o is ob ta ined f r o m 

X„ 
/ W A \ ' 

( 1 4 . 8 7 9 + X N ) ( ^ J 14.879, E - 2 ) 

v /he re 

and 

W A = f inal we igh t . 

W B = in i t i a l we igh t . 

E x p r e s s i o n ( E - 2 ) i s d e r i v e d a s fo l lows: 

W 

nB = 
B 

W^ W T 

M. ol Wt UOx^j Mol Wt U + X N Mol Wt O 238.07 + 1 6 X N ' 

and 

W , w. w, 
" A Mol Wt U O x Mol w t U + Xu Mol Wt O 238.07 + IbX^,' 
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Since 

n g = UA, 

it follows that 

W B W, 

238.07 + 1 6 X N 238.07 + l6Xu 

238.07 + ' ^ ^ u ^ 
238.07 + 1 6 X N W B 

T h e r e f o r e 

16X„ 238.07 + 16X N V W B ' 
238.07, 

238.07 ^ ^ X J ^ Y W A 
+ 

16 16 yvw 
238.07 

16 

/ W A \ 
( 1 4 . 8 7 9 + X N ) ( ^ ) - 14.879. 
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